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We know (among others):  

Neural networks are universal approximators (Cybenko’89).  

The optimisation problem is NP-hard (e.g. Blum, Rivest’89). 

We do not know (among others): 

From “Reflections after refereeing papers for NIPS”, Leo Breiman, 1995. 
Still not answered! 

UNDERSTANDING MACHINE LEARNING



SAMPLE COMPLEXITY

Cifar10 - 50000 samples. 

How many samples are 
really needed? 

How many training samples are needed for a given task? Are we close 
to the minimum? If not, is it because of architectures or algorithms? 



UNDERSTANDING MACHINE LEARNING

From “Reflections after refereeing papers for NIPS”, Leo Breiman, 1995. 
Still not answered! 



IN DEEP LEARNING
Empirical observation: Global 
minima with bad generalisation 
error do exist.  

Question: How do gradient-based 
algorithms manage to avoid bad 
minima with limited number of 
samples? 

Literature: No bad minima. 
Implicit regularisation. Learning 
simple functions first. Etc.                   
No really satisfactory answer yet.  



GOAL

Analyse generalisation properties of gradient-based algorithms in                      
non-convex high-dimensional setting at low sample complexity.

Key points:  

• non-convex  

• high-dimensional 

• low sample complexity  

Next: A setting where this can be done. 



TEACHER-STUDENT SETTING
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Generates data X, n samples of d 
dimensional data, e.g. random input 
vectors.  

Generates weights w*, e.g. iid random.        

Generates labels y. 
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Student-network

Observes X, y, the architecture of the 
network.      

How does the best achievable test 
error depend on the number of 
samples n?



Take random iid Gaussian , and random iid  from .  

Create , e.g.                                              

High-dimensional regime: 

Xμi w*i Pw

yμ = φ(
d

∑
i=1

Xμiw*i ) φ(z) = sign(z)

TEACHER-STUDENT PERCEPTRON

d → ∞n → ∞
α ≡ n/d = Θ(1)
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Gardner, Derrida’89 1989

d dimensions                     
n samples 
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BAYES-OPTIMAL PREDICTION 

 A new sample Xnew is given. Bayes-optimal prediction of 

a new label:

P(w |y, X) =
1

Z(y, X)

d

∏
i=1

Pw(wi)
n

∏
μ=1

Pout(yμ |Xμ ⋅ w)

̂ynew = 𝔼P(w|y,X) [φ(Xnew ⋅ w)]

Pout(yμ |Xμ ⋅ w) = δ(yμ − φ(Xμ ⋅ w))

Posterior probability distribution: 

where



BAYES VS RISK MINIMISATION

Bayes-optimal estimation = marginals of the 
posterior:  

More common in ML: Empirical risk minimisation = 
minimisation of a loss function:

P(w |y, X) =
1

Z(y, X)

p

∏
i=1

Pw(wi)
n

∏
μ=1

Pout(yμ |Xμ ⋅ w)

minw[
n

∑
μ=1

ℓ(yμ, Xμ ⋅ w) + λ∥w∥2
2]

e.g. square loss , logistic loss ℓ(y, z) = (y − z)2 ℓ(y, z) = log2(1 + e−yz)



BAYES-OPTIMAL PERFORMANCE

Theorem 1: 

where

Def. “quenched” free energy: f = lim
d→∞

1
d

𝔼y,X log Z(y, X) α =
n
d

w, w0 ∼ Pw ρ = 𝔼Pw
(w2)

f = sup
m

inf
m̂

fRS(m, m̂)

fRS(m, m̂) = ΦPw
(m̂) + αΦPout

(m; ρ) −
mm̂
2

ΦPw
(m̂) ≡ 𝔼z,w0[ln 𝔼w(em̂ww0+ m̂wz−m̂w2/2)]

ΦPout
(m; ρ) ≡ 𝔼v,z[∫ dyPout(y | mv + ρ − mz)ln 𝔼ξ[Pout(y | mv + ρ − mξ)]]

z, v, ξ ∼ 𝒩(0,1)

Barbier, Krzakala, Macris, Miolane, LZ arXiv:1708.03395, COLT’18, PNAS’19



Theorem 1: 
f = sup

m
inf
m̂

fRS(m, m̂)

Theorem 2: Optimal generalisation error 

Def. “quenched” free energy:

where m* is the extremizer of fRS.

⇠ ⇠ P⇠

f = lim
d→∞

1
d

𝔼y,X log Z(y, X)

ρ = 𝔼Pw
(w2)

fRS(m, m̂) = ΦPw
(m̂) + αΦPout

(m; ρ) −
mm̂
2

ℰtest = 𝔼v,ξ[φ( ρv)2] − 𝔼v,z,ξ[φ( m*v + ρ − m*z)]2

v, z ∼ 𝒩(0,1)

BAYES-OPTIMAL PERFORMANCE
Barbier, Krzakala, Macris, Miolane, LZ arXiv:1708.03395, COLT’18, PNAS’19

α =
n
d



SPHERICAL PERCEPTRON
te

st
 e

rr
or d → ∞

n → ∞

n /d = Θ(1)

optimal 
AMP algorithm 

logistic regression

Pw* = 𝒩(0,1)

# of samples per dimension n/d

yμ = sign(
d

∑
i=1

Xμiw*i )
Data generated as: Xμi ∼ 𝒩(0,1) iid



The d-dimensional integral in BP is algorithmically intractable, but simplifies … 

APPROXIMATE MESSAGE PASSING

P(w |y, X) =
1

Z(y, X)

d

∏
i=1

Pw(wi)
n

∏
μ=1

Pout(yμ |Xμ ⋅ w)

w1 w2 w3 w4

y1 y2 y3

X11 X34…

n = 3

p = 4

mi→μ(wi) =
1

zi→μ
Pw(wi)∏

γ≠μ

mγ→i(wi)

mμ→i(wi) =
1

zμ→i ∫ ∏
j≠i

[dwjmj→μ(wj)]Pout(yμ |∑
l

Xμlwl)

Belief Propagation

Thouless-Anderson-Palmer’76, Mézard’89, Donoho, Maleki, Montanari’09, Rangan’10 



Simple to implement, only 
matrix multiplications, O(d2)

Variances and means 
of the pre-activations



Bayes-optimal prediction: ŷtnew =
1p
2⇡V t

Z
dz dy yPout(y|z)e�

1
2V t (z�

P
i Fnew,ia

t�1
i )2

Simple to implement, only 
matrix multiplications, O(d2)

Variances and means 
of the pre-activations



STATE EVOLUTION

Define:  

mt in the AMP algorithm evolves as: 

Recall the RS free energy

then  MSE(t) = ⇢�mt

m̂t = 2↵@m�Pout(m
t; ⇢)

mt ≡
1
d

d

∑
i=1

w*i at
i

fRS(m, m̂) = ΦPw
(m̂) + αΦPout

(m; ρ) −
mm̂
2

mt+1 = 2∂m̂ΦPw
(m̂t)

Bayati, Montanari’11, Bayati, Lelarge, Montanari’12, Javanmard, Montanari’13.



MMSE is given by the global maximum of the free entropy. 

AMP-MSE given by the local maximum of the free entropy 
reached starting from small m/large MSE.

COROLLARY

m
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ee
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MMSE = ⇢� argmaxfRS(m)
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MSEAMP = ⇢�mAMP
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argmax fRS(m)

fRS(m) = infm̂fRS(m, m̂)
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fRS(m, m̂) = ΦPw
(m̂) + αΦPout

(m; ρ) −
mm̂
2



SPHERICAL PERCEPTRON
te

st
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rr
or d → ∞

n → ∞

n /d = Θ(1)

optimal 
AMP algorithm 

logistic regression

Pw* = 𝒩(0,1)

# of samples per dimension n/d

yμ = sign(
d

∑
i=1

Xμiw*i )
Data generated as: Xμi ∼ 𝒩(0,1) iid
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Here: Optimally regularized logistic 
regression essentially Bayes-optimal 

BAYES VS LOGISTIC REGRESSION

Pw* = 𝒩(0,1)

yμ = sign(
d

∑
i=1

Xμiw*i )
Data generated as: Xμi ∼ 𝒩(0,1) iid

Aubin, Krzakala, Lu, LZ; NeurIPS’20, arXiv:2006.06560 



ANOTHER EXAMPLE OF  
THE TEACHER-STUDENT SETTING 

(NON-CONVEX THIS TIME)  



Broad range of applications in signal processing and imaging.  

Teacher-student setting with teacher having no hidden units, 
teacher’s activation function is the absolute value. 

PHASE RETRIEVAL 

yμ =
d

∑
i=1

Xμiw*i

w*i ∼ 𝒩(0,1)Xμi ∼ 𝒩(0,1/d) μ = 1,…, n
i = 1,…, d

Phase/sign retrieval: Regression from training data {Xμ, yμ}n
μ=1



OPTIMAL PHASE RETRIEVAL

hardbest achievable error
best known algorithm

α =
n
d

αIT = 1

αAMP = 1.13

# of samples needed for perfect generalisation for any algorithm. 

# of samples needed for perfect generalisation for approximate message 
passing algorithm (conjectured optimal among efficient* ones). 

yμ =
d

∑
i=1

Xμiw*i

w*i ∼ 𝒩(0,1)

Xμi, wi ∈ ℝ

Barbier, Krzakala, Macris, Miolane, LZ arXiv:1708.03395, COLT’18, PNAS’19

state evolution 
AMP



PHYSICS VS LEARNING

liquid supercooled liquid ice

impossible computationally hard possible

hard

possible

impossible



Presence of the hard phase signals hurdles for 
gradient-based algorithms including Langevin.



EMPIRICAL RISK MINIMIZATION FOR PHASE RETRIEVAL 
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Loss function: 

Initialisation:

Gradient flow: ·wi(t) = − ∂wi
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wi(0) ∼ 𝒩(0,1)
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A non-convex optimisation problem.
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PERFORMANCE OF GRADIENT DESCENT

Barbier, Krzakala, Macris, Miolane, LZ, arXiv:1708.03395, COLT’18, PNAS’19 

Number of samples to reach zero test error in phase retrieval:

Cai, Huang, Li, Wang’21
C



GRADIENT DESCENT NUMERICALLY
Sarao Mannelli, Biroli, Cammarota, Krzakala, LZ, NeurIPS 2020, 2006.06997.  
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PERFORMANCE OF GRADIENT DESCENT

~7

GD numerics

?
Closing the gap between GD and AMP? 
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RECAP SO FAR

Spherical perceptron ERM close to Bayes-optimal. 

Phase retrieval ERM way worse than Bayes-optimal.

Two simple teacher-student examples: 



DEEP LEARNING IS 
OVER-PARAMETRIZED 

WHAT IS MISSING?



OVER-PARAMETRIZED ERM FOR PHASE RETRIEVAL 
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Loss function: 

Initialisation:

Gradient flow: ·wia(t) = − ∂wia
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Wide (m>d) over-parametrised 
two-layer neural network 



OVER-PARAMETRISED LANDSPACE
Sarao Mannelli, Vanden-Eijnden, LZ, NeurIPS’20, 2006.15459



GD FOR OVER-PARAMETRISED PHASE RETRIEVAL 
Sarao Mannelli, Vanden-Eijnden, LZ, NeurIPS’20, 2006.15459
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GD in an over-
parametrised network

Over-parametrised neural networks trained by gradient descent 
need fewer samples to learn phase retrieval 

Chen, Chi, Fan, Ma’19

poly(log d)
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Sarao Mannelli, Vanden-Eijnden, LZ, NeurIPS’20, 2006.15459



DEEP LEARNING USES 
STOCHASTIC 

GRADIENT DESCENT

WHAT IS MISSING?



PERSISTENT SGD

wj (t + η) = wj (t) − η[ ̂ν(t)wj (t) +
n

∑
μ=1

sμ(t) ∂wj
ℓ(yμ, Xμ, w(t))]

batch size: bn, 0 ≤ b ≤ 1  at fixed  d, n → ∞ α = n/d, b, τ

stochastic gradient flow, η → 0

·wj (t) = − ̂ν(t)wj (t) −
n

∑
μ=1

sμ(t) ∂wj
ℓ(yμ, Xμ, w(t))

Mignaco, Urbani, Krzakala, LZ, NeurIPS 2020, 2006.06098  



DYNAMICAL MEAN-FIELD THEORY 
(Mézard, Parisi, Virasoro, ‘87, Georges, Kotliar, Krauth, Rozenberg, ‘96)

We generalized to the persistent stochastic GD and the planted model:



DYNAMICAL MEAN-FIELD THEORY
Mignaco, Urbani, Krzakala, LZ, NeurIPS’20, 2006.06098  

Lectures by Urbani to watch at http://leshouches2020.krzakala.org/

∂th(t) = − ν̃(t)h(t) − s(t)∂1v(h̃(t); h0) + ∫
t

0
dt′ MR(t, t′ )h(t′ ) + χ(t)

⟨χ(t)⟩ = 0, ⟨χ(t)χ(t′ )⟩ = 2Tδ(t − t′ ) + MC(t, t′ )

h0 ∼ 𝒩(0,1)

Effective scalar stochastic process 

Gaussian effective noise: h̃(t) ≡ h(t) + h0m(t)

stochastic noise memoryeff. regularisation Gauss noise

http://leshouches2020.krzakala.org/


MEMORY KERNELS AND OTHER VARIABLES 
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α = 3.0
ηSGD = 0.01
b = 0.5,τ = 1

Persistent-SGD better than GD or SGD 

From Mignaco, Urbani, LZ, 2103.04902; DMFT from E. Troiani master thesis.   

Mignacco, Urbani, LZ; MLST’21, 2103.04902. 

https://arxiv.org/abs/2103.04902


α = 2.5

P-SDG WITH RANDOM START 

GD/p-SGD in 
phase retrieval, 
random start.  

ηSGD = 0.01
b = 0.5,τ = 2

d=100
d=500

d=1000 d=2500

Mignacco, Urbani, LZ; MLST’21, 2103.04902. 
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PERFORMANCE OF SGD IN PHASE RETRIEVAL 
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GD numerics
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p-SGD

~2.5

p-SGD needs fewer samples to learn phase retrieval 

Mignacco, Urbani, LZ; MLST’21, 2103.04902. 



SUMMARY

Phase-retrieval (high-d, real-valued teacher-student setting, Gaussian 
input data, Gaussian teacher weights) is a neat model to study learning 
with neural networks.  

Sample complexity of gradient-based algorithms can be improved 
with over-parametrization or with p-SGD.  

Solvable case of feature learning in high-d over-parametrized setting.  

Persistent gradient descent - a variant of SGD with a non-trivial flow 
limit, analysable by DMFT, performing better than SGD (without 
hidden units).



OPEN QUESTIONS

Sample complexity of GD and how does it depend on the loss, 
initialisation, learning rate?  

Architectures for which GD/SGD needs smaller sample complexity 
than ? 

Sample complexity of GD with number of hidden units 1<m<d? 

Sample complexity of SGD for over-parametrized networks m>1?    

etc. 

α = 2


