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Bayesian Learning Problem
`(✓), a loss function on model parameters ✓ 2 ⇥.

We solve

q⇤ 2 arg min
q2Q

Eq[`]� ⌧H(q)
| {z }

=:E(q)

for some family of distributions Q on ⇥.

• The expectation Eq[`] =
R
⇥ `(✓)q(✓)d✓

prefers regions of ` with low loss.

• The entropy H(q) = �
R
⇥ q(✓) log q(✓)d✓

prefers a higher spread of q.

• The temperature ⌧ > 0, a balancing term.

Previously. . .
Variational inference updates the parameters of

Q using gradient information.

In [KR21] natural parameters of exponential

families are updated using natural gradient de-

scent. An exponential family of distribution is

of the form q�(✓)d✓ where q�(✓) / e�h�,T (✓)i
.

Here T : ⇥ ! V is called a sufficient statistic,
� 2 V _

are natural parameters.
The update rule in [KR21] is called the Bayesian

Learning Rule (BLR):

� � �� ↵F (�)�1
r�E(q�)

Here ↵ > 0 is a step size, and preconditioning

with the Fisher matrix F (�) means the gradi-

ent descent in � is with respect to the Fisher

information (Riemannian) metric at a q� 2 Q.

Issue 1 The candidates Q is required to be an

exponential family,

Issue 2 Not every � 2 V _
is an admissible nat-

ural parameter, and the linear update rule

could overshoot the constraints.

Enter Lie Groups
We solve the two issues above by consider-

ing families parametrized by a Lie group G.

Let G act on ⇥, then it acts on a probabi-

lity distribution by the pushforward action (by

reparametrizations). For some distribution q0

Q := {qg = ⇡(g)q0 : g 2 G}

where (⇡(g)q)(✓) = |
d(g·✓)
d✓ |

�1q(g�1
· ✓).

qg1

qg2

qg3

`(✓)

g  g exp(�↵Y )

Figure 1: Updating the group element is sufficient

to update the distribution. Y is a vector in the Lie

algebra (tangent space of G at identity) in the direc-

tion of steepest ascent of E(q) at q = qg with respect

to the Fisher metric. The update always produces a

group element g, and therefore a distribution in Q.

And we have flexibility in the choice of q0.

Specific Group Updates

q0
⇡(g)q0(✓) =

1
gq0(

✓
g )

g

g = (A, b) ⇡(g)q0(✓) =
1
Aq0(

✓�b
A )q0

translation & scaling

scaling

q0 ⇡(g)q0(✓) = q0(✓ � g)
translation

g

0

g  � g � ↵Eqg [@✓`]

g  � g exp
⇣
� ↵

�
Eqg [✓@✓`]� ⌧

�⌘

b � b+ cX
cy
Aexp(�↵U)�1

U V

A � A exp(�↵U)

where U = Eqg [(✓ � b)@✓`]� ⌧

V = AEqg [@✓`]

In the group setting we

turn di↵erentiation w.r.t.

distribution parameters

to di↵erenting the loss.

A family of posteriors

with built-in group

correct setting for this.

reparametrizations is the

Dataset Metric Affine Additive [Or22] [SGD]
uniform gaussian laplace uniform gaussian laplace

CIFAR-10

Acc. (")

NLL (#)

ECE (#)

91.60±0.05 91.53±0.10 91.87±0.04 91.07±0.08 91.28±0.11 91.14±0.12 91.22±0.07
0.300±0.002 0.294±0.004 0.272±0.002 0.365±0.003 0.328±0.008 0.312±0.005 0.354±0.006
0.040±0.001 0.036±0.001 0.029±0.001 0.052±0.001 0.045±0.001 0.039±0.001 0.050±0.001

CIFAR-100

Acc. (")

NLL (#)

ECE (#)

66.08±0.12 66.55±0.10 66.44±0.10 64.29±0.09 64.61±0.20 64.85±0.13 64.19±0.14
1.288±0.007 1.255±0.005 1.247±0.006 1.437±0.004 1.390±0.008 1.359±0.006 1.431±0.007
0.093±0.002 0.079±0.002 0.071±0.001 0.121±0.001 0.107±0.001 0.096±0.001 0.121±0.001

TinyImgNet

Acc. (")

NLL (#)

ECE (#)

51.19±0.12 51.13±0.16 51.36±0.14 49.34±0.14 49.62±0.15 49.73±0.18 49.48±0.10
2.099±0.005 2.098±0.004 2.101±0.009 2.234±0.008 2.204±0.003 2.184±0.007 2.231±0.004
0.076±0.001 0.070±0.002 0.065±0.001 0.107±0.001 0.099±0.002 0.089±0.001 0.106±0.001

Sparse and localized behavior of the multiplicative rule
Dataset Metric additive multiplicative

MNIST / MLP
Acc. (")
NLL (#)
ECE (#)

98.38±0.02 98.59±0.02

0.083±0.001 0.058±0.001

0.012±0.000 0.006±0.000

CIFAR–10 / MLP
Acc. (")
NLL (#)
ECE (#)

58.85±0.08 59.19±0.07

1.236±0.002 1.160±0.001

0.085±0.001 0.026±0.001

Figure 2: Highest activated first layer filters for the given figure in MNIST (top) or CIFAR10 (bottom); for

the additive (left) or multiplicative (right) update rule
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Figure 2: The blue graph indicates the probability distribution of the exact
posterior. The distribution q⇤D has more mass under the wide minima.

It is not illogical that there was possibly more than one optimizer in the
case of classical optimization but now we have a unique solution. The density
function of the exact posterior q⇤D makes a local peak at every local minimum
of ` thus taking all of them into account simultaneously.

Among the local minima of `, the wide minima correspond to locations
for which q⇤D has more probabilistic mass. Thus randomly sampling ✓ from
this distribution will more likely than not lead to a function f(⇤, ✓) that lies
in a wide basin of the loss landscape and thus expected to generalize better.

Even though the problem over all probability distributions has a unique
exact solution, this kind of a probability distribution is unwieldy. We restrict
our minimization to a finite dimensional manifold

q⇤Q 2 arg min
q2Q

Eq

X

i

`i

�
+ D(qkp).

The restricted manifold is not a convex set, therefore there will be more
than one solution. The problem can also be formulated in terms of the KL-
divergence alone,

q⇤Q 2 arg min
q2Q

D(qkq⇤D). (2)

Let us recapitulate. We have an optimization problem with a unique
solution over all distributions, the exact Bayes posterior q⇤D . The solution
satisfies the Bayes’ update rule. We now approximate the exact posterior via
probabilities in a restricted statistical manifold Q. We hope the origin of the
phrase “approximate Bayes” is now clear. The approximate solution q⇤Q is
not expected to satisfy a Bayes update rule.

4

教師付き学習とは、パラメーター付の関数が与えられたとき、データに対する損失関数
（loss function）が最小となるパラメーターの値を探す問題である。ベーズ推論（Bayesian 

Learning Problem）とは、「値」を「分布」で置き換えて得られる問題である。

損失関数  の極小値 ,  は複数あるℓ̄(θ) θ*1 θ*2

エントロピーを極大とする損失関数
の極小を与える分布 は一位に存在q̃*
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A family of posteriors

with built-in group

correct setting for this.

reparametrizations is the

Dataset Metric Affine Additive [Or22] [SGD]
uniform gaussian laplace uniform gaussian laplace

CIFAR-10

Acc. (")

NLL (#)

ECE (#)

91.60±0.05 91.53±0.10 91.87±0.04 91.07±0.08 91.28±0.11 91.14±0.12 91.22±0.07
0.300±0.002 0.294±0.004 0.272±0.002 0.365±0.003 0.328±0.008 0.312±0.005 0.354±0.006
0.040±0.001 0.036±0.001 0.029±0.001 0.052±0.001 0.045±0.001 0.039±0.001 0.050±0.001

CIFAR-100

Acc. (")

NLL (#)

ECE (#)

66.08±0.12 66.55±0.10 66.44±0.10 64.29±0.09 64.61±0.20 64.85±0.13 64.19±0.14
1.288±0.007 1.255±0.005 1.247±0.006 1.437±0.004 1.390±0.008 1.359±0.006 1.431±0.007
0.093±0.002 0.079±0.002 0.071±0.001 0.121±0.001 0.107±0.001 0.096±0.001 0.121±0.001

TinyImgNet

Acc. (")

NLL (#)

ECE (#)

51.19±0.12 51.13±0.16 51.36±0.14 49.34±0.14 49.62±0.15 49.73±0.18 49.48±0.10
2.099±0.005 2.098±0.004 2.101±0.009 2.234±0.008 2.204±0.003 2.184±0.007 2.231±0.004
0.076±0.001 0.070±0.002 0.065±0.001 0.107±0.001 0.099±0.002 0.089±0.001 0.106±0.001

Sparse and localized behavior of the multiplicative rule
Dataset Metric additive multiplicative

MNIST / MLP
Acc. (")
NLL (#)
ECE (#)

98.38±0.02 98.59±0.02

0.083±0.001 0.058±0.001

0.012±0.000 0.006±0.000

CIFAR–10 / MLP
Acc. (")
NLL (#)
ECE (#)

58.85±0.08 59.19±0.07

1.236±0.002 1.160±0.001

0.085±0.001 0.026±0.001

Figure 2: Highest activated first layer filters for the given figure in MNIST (top) or CIFAR10 (bottom); for

the additive (left) or multiplicative (right) update rule
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𝒬

q̃*・

q*・・q

情報多様体

Find： q* := arg min
q∈𝒬

ℰ(q)

q̃*(θ) ∝ e−ℓ(θ)

Bayesian Update Ruleは、は「良い」分
布族を与える情報多様体  の中から、
最小分布 を近似する分布 を見つけ
る手法である。 荒い解から、情報多様
体上のニュートン法の類似の手法を用い
て、より良い解を見つけ出す。

𝒬
q̃* q*

従来手法であるBayesian Update Ruleでは、２つの制約があった 

•扱える分布族は、基本的にガウス型分布族だけ 

• Bayesian Updtae Ruleの適用で、パラメーターが  から外れてしまう恐れがある𝒬

本研究のLie Group Bayesian Ruleは、分布族のパラメーターとして「Lie群」と呼ばれ
る代数構造をもつ対象を用いるというアイディアに基づいている。Lie群により幅広
い分布族を扱えると同時に、Update RuleもLie群の代数構造を用いることにより、パ
ラメーターはLie群の中に収まる形で定義できる。従来手法であるBayesian Update 

RuleはLie Group Bayesian Ruleの特殊な場合の線形化と解釈できることも示た。様々な
分布族やLie群に対して適用でき、従来とは異なる特性を持つ学習アルゴリズムなど
も見出すことに成功している。


