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Lie Group Bayesian Learning Rule

概要：統計多様体に、Lie群の作用を用いた新しいパラメーターを入れる方法を考案した。ベイズ学習の勾配法が機能する枠組みを提唱
ベイズ学習では、統計多様体上の勾配法である「Bayes Learning Rule*」を用いて、損失関数の「最小値」では無く、エントロピーが大きい 
「最小分布」を見出す  *Khan&Havard, The Bayesian Learning Rule, JMLR 24, 2023

勾配法を用いるとき、接ベクトルは、統計
多様体上に乗らないので、従来方法では
overshooting などの問題が生じていた

Gradient Descent on Manifolds

Gradient descent for E(q) on the manifold Q has three components.

1 Calculate the di↵erential DE|q : TqQ 7! R.
2 Find a way to turn the covector DE|q 2 T ⇤

q Q into a vector v 2 TqQ.

3 A choice of retraction brings us back onto the manifold Rq(v) 2 Q.
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Lie群と呼ばれる微分幾何構造を
持つ群 を、従来のパラメーター
空間   に作用させると、Lie群
の接ベクトルを自然と統計多様
体上に乗せることができる
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例：

Learned Features: Additive vs. Multiplicative
Additive group-update

Multiplicative group-update

θt+1 = θt − ρ"ϵ∼q0
[∇ℓ̄(θt + ϵ)]

gt+1 = gt exp (−ρ("ϵ∼q0
[(gt ⊙ ϵ) ⊙ ∇ℓ̄((gt ⊙ ϵ))] − T))
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• M. E. Kiral,  T. Möllenhoff, M. Khan, AISTATS 2023 
• M. E. Kiral, K. Tojo, T. Möllenhoff, M. Khan and K. 

Bannai, in preparation

近似ベイズ推論チームと共同研究

Microscopic Models of Large Scale interacting Systems

Lie群の選択により、振る舞いが異なる

概要：統計物理の数学的基礎付を与える流体力学極限において、非常に一般的なミクロモデルを定義し、幾何学的な情報から保存量
など不変量を導出する方法を提案.  

First Example: Exclusion Process on Z

Exclusion ProcessFig01
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Required Data:
↭ Underlying Graph: Graph (Z,E) with

E = {(i, j) → Z ↑ Z | |i ↓ j | = 1}

↭ Local State & Transition Rule: Local State: S = {0, 1} where
0: no particle, 1: one particle, with transition rule for each e → E

↭ Stochastic Data: Rate re > 0 for each e → E, translation
invariant.

最も簡単なミクロモデルは、１次元ユークリッド格子   上
の Exclusion Process。粒子は、隣接する頂点が空いて
いたら確率的に遷移する

ℤ

粒子の動きを「相互作用」と呼ばれるグラフで表現
Local State & Transition Structure – Interactions (S, 𝐿)

In the exclusion process, on adjacent vertices:
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Generalization of the set of states

S: finite set, “set of states”

Data of transition given by interaction:

Definition (Interaction)
An interaction is

𝐿 → (S ↑ S) ↑ (S ↑ S)

such that (S ↑ S, 𝐿) is a symmetric directed graph. We also refer to
the pair (S, 𝐿) as an interaction.
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Generalization of the set of states

S: finite set, “set of states”

Data of transition given by interaction:

Definition (Interaction)
An interaction is

𝐿 → (S ↑ S) ↑ (S ↑ S)

such that (S ↑ S, 𝐿) is a symmetric directed graph. We also refer to
the pair (S, 𝐿) as an interaction.

S = {0,1} (S × S, ϕ) ϕ ⊂ S × S

 ：有限集合S   を頂点集合とする 
一般のグラフに拡張
S × S  を一般の結晶格子に拡張ℤ

Underlying Graph – Crystal Lattices (X ,E)

ω: finitely generated abelian group of rank d (i.e. ! Zd)

Definition (Crystal Lattice)
A symmetric directed connected graph (X ,E) with free action of ω,
such that X/ω: finite.

Examples: ω = Z2, X → R2

↭ Euclidean Lattice, Euclidean Lattice with nearest 2-neighbor

↭ Hexagonal Lattice, Triangular Lattice

スケール極限
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Stochastic process on Z with at most one particle on each site.
Particle “jumps” to adjacent vertices with rate re > 0 for each e → E.

If re ↑ 1 for any e → E, then hydrodynamic limit:

d

dt
𝐿(x, t) =

d
2

dx2 𝐿(x, t)

Heat Equation (i.e. c = d = 1 and D(𝐿) ↑ 1)

Want to generalize this setup

適切なスケール極限で、拡散方程式を導出

任意の有限集合と、任意の「良い」相互作用を扱う汎用的な
ミクロモデルを提案

流体力学極限

• K. Bannai, Y. Kametani,  M. Sasada, Topological Structures of Large Scale Interacting Systems 
via Uniform Functions and Forms, Forum of Mathematics, Sigma, Volume 12 (2024), e107; 
DOI: 10.1017/fms.2024.61. 

• K. Bannai, J. Koriki, M. Sasada, H. Wachi, S. Yamamoto, On Interactions for Large Scale 
Interacting Systems, arXiv:2410.06778 [math.PR] 

• K. Bannai, M. Sasada, On Uniform Functions on Configuration Spaces of Large Scale 
Interacting Systems, arXiv:2408.12886 [math.PR].

学習後、NNの最初の層の状況
加法群 乗法群

Lie群ごとに異なるLearning Ruleが定義
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