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【２】 Bayesian model selection for variable-coefficient PDE discovery
[Example] Time-dependent Burgers’ equation:

𝑎 𝑡 = − 1+
sin 𝑡
4

𝑢 𝑥, 𝑡 : State variable we observe in a 
spatiotemporal domain (size 𝑁!×𝑁")

Time-varying PDE coefficicients 𝝃

Objective: Data-driven discovery of the governing equation with variable coefficients
Assumption: The governing PDE is sparse, i.e., composed of only a few important terms

Problem formulation: System of linear equations given a discretization 𝐔
For each time step 𝑡# we formulate: 𝐔!# = 𝑸#𝝃#

• [Candidate library] 𝑸# is overcomplete, e.g., its columns contain 𝐔""# , 𝐔#𝐔"# , etc.
• [PDE Coefficient] 𝝃# is found by best-subset regression. Its uncertainty 𝔘 is 

quantified by Bayesian inference. 𝑘 denotes #nonzeros, i.e., the support size.
Sum the information criterion over all time steps to perform model selection
• AIC(𝝃#) = −2𝑙𝑙𝑓 𝝃# +2𝑘;where 𝑙𝑙𝑓 is the log-likelihood function
• [Proposal: Penalize high uncertainty] UBIC(𝝃#) = −2𝑙𝑙𝑓 𝝃𝒊 + log𝑁" 𝔘+𝑘

𝐔

Result:

+0.1

• We correctly identify the 
governing PDE using uncertainty-
penalized BIC (UBIC) 😊

• An overly complex PDE is 
selected by AICc 😞

𝑢! = 0.1𝑢"% +𝑎 𝑡 𝑢𝑢"

【３】 波動ダイナミクスに従う新たなTransformerの提案

波動ダイナミクスを基礎と
するAttentionの更新則

速度項のFeed Forwardと
Layer Normalizationを導入

グラフデータに対する適用例 → 波動導入により深いモデルの破綻を大幅に改善

Transformerの隠れ状態ダイナミクスは完全グラフにおける拡散過程として解釈できる。
その観点から、Transformerで問題となるOver-smoothingは、エネルギー散逸として特
徴付けることができる。

→ この解釈を元に、保存系である波動ダイナミクスに従う「Wavy Transformer」を提案
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Wavy Transformer Block

論文中では、画像・言語タスクに対しても検証し、一貫した性能向上を確認

Transformerの情報伝播に波動を導入

𝒙! 𝒙" 𝒙#$%

【４】 クープマン作用素を用いたティッピングの検知手法の開発

システムの振る舞いが急激に遷移するティッピングポイントの近傍における、
クープマン作用素のスペクトル的・確率的性質について解明。

t

𝒙

ティッピングポイント

𝒙% 𝒙! 𝒙#

時系列データ

この結果を用いて、動的モード分解(DMD)の枠組みを用いて
ティッピングポイントへの近さを予測する早期警告信号(EWS)を開発。

動的システム(時間の発展を記述する)

𝒙!"# = 𝑭 𝒙!

クープマン作用素

𝑼 𝟏 𝒈 = 𝒈 ∘ 𝑭

非線形

線形

状態空間

関数空間

スペクトル

ティッピングポイントの近くでは…

確率的摂動に対する
分散が増加

クープマン作用素が
連続スペクトルを持つ
➞有限の基底での表現が不可能
つまり、DMDによる近似が困難に

DMD行列
𝑼 𝟏 ,𝐃𝐌𝐃

真のクープマン作用素𝑼 𝟏 とDMD行列𝑼 𝟏 ,𝐃𝐌𝐃の

誤差を定量化するResKMDの提案

提案手法(水色)が
ノイズに対して
最も頑健に
信号の立ち上がり
を示した。

【１】潜在空間表現および転送作用素の推定による確率的力学系の学習

（目的）非線形・確率的な挙動、部分観測問題がある力学系のモデリング ：

・ 状態変数の更新を、転送作用素により記述・推定するアルゴリズムの提案

・ 確率実現理論に基づくスペクトル学習により有意な潜在表現を獲得

応用例 : 逐次状態推定

① 確率分布のRKHSへの埋め込み ② 転送作用素

RKHS     と確率測度の空間 、
確率測度 の埋め込み： 確率密度関数の更新 : 

Manuscript under review by AISTATS 2025

In this paper, we consider an operator-based latent
Markov representation of a stochastic nonlinear dy-
namical system, where the stochastic evolution of the
latent state embedded in a reproducing kernel Hilbert
space (RKHS). We present a generalized method for
estimating latent Markov representations correspond-
ing to sequential data. By estimating the transfer
operator, we demonstrate, theoretical analysis and
experimental evaluation, that our approach enables
more valid state system estimation and highly accu-
rate sequence prediction compared to previously re-
lated methods. The main contributions of this work
are:

• We provide a state system estimation method
based on a spectral approach based on the theory
of stochastic realization, to represent a general-
ized latent Markov representation corresponding
to observations via the transfer operator.

• The embedding of the estimated state variables in
the appropriate RKHS can be adaptively learned
using kernels constructed with neural networks.

• Using the learned transfer operator and latent
Markov representation, we address the general-
ization of sequential state estimation (filtering)
in stochastic nonlinear systems and the operator-
based eigen-mode decomposition of dynamics.

• Finally, we present several numerical results us-
ing synthetic and real-world data to investigate
the empirical characteristics and performance in
sequential state estimation and mode decomposi-
tion.

The remainder of this paper is organized as in the fol-
lowing: In Section 2, we briefly review the Koopman
and transfer operators, and the Hilbert space embed-
dings of distributions. Then, in Section 3, we define
the embedded latent transfer operator (ELTO), which
describe the evolution of latent states. In Section 4, we
develop the theory of stochastic realization for the rep-
resentation with ELTOs, and then present a spectral
method to learn this model. In addition, we develop
the sequential-state estimation procedure in Section 5,
and an estimation method for Koopman mode decom-
position in Section 6, respectively for our model. Fi-
nally, we conclude this paper in Section 7. All proofs
are included in the supplementary material.

2 Background

2.1 Koopman and Transfer Operators

Let {x(t)}t2T (T= {0, ±1, ±2, . . .}) be a discrete-time
stationary and ergodic Markov process in some vector
space X ⇢ R

p, which is often called the state space.
Then, the transition density function, which we denote

by ptr, is defined by

Pr(x(t + 1) 2 A|x(t) = x) =

Z

A
ptr(z|x)dz,

where A is any measurable set. The transition density
function ptr captures all information about the process
x(t) by the stationary and Markov assumptions.

Now, we let g 2 G(X) be an observable of the system,
where G(X) is some function space over X. Then, the
corresponding Koopman operator (a.k.a. composition

operator) K : G(X) ! G(X) is defined by the follow-
ing (Koopman, 1931; Mezić, 2005; Klus et al., 2020):

Kg(x) =

Z
ptr(z|x)g(z)dz = E[g(x(t + 1))|x(t) = x].

That is, this expression gives the expectation of the ob-
servable at the next time step. Note that it is straight-
forward to see that the operator is linear (see, for ex-
ample, the above references). Thus, we see that K acts
linearly on the function g, even though the dynamics
determined by ptr may be nonlinear.

In the meantime, the transfer operator (a.k.a. Perron-
Frobenius operator) gives a representation of the sys-
tem with respect to the density function of the state.
Let pt 2 L

1(X) be a probability density function of
the state vector at time t. Then, the transfer operator
T : L1(X) ! L

1(X) is defined by

T pt(x) =

Z
ptr(x|z)pt(z)dz.

That is, the transfer operator pushes forward density
pt to pt+1, and consequently can be regarded as the lin-
ear counterpart of the transition probability in L

1(X).

Note that, in a measure-preserving and invertible sys-
tem, the above both operators become unitary, and
thus satisfies K = T �1. This implies that the system
can be equivalently described with both operators.

2.2 Hilbert-Space Distribution Embeddings

An embedding of the density over a random variable
into RKHSs allows us to represent an arbitrary proba-
bility distribution non-parametrically by a potentially
infinite dimensional feature vector, and to infer over
those entirely in the space (Smola et al., 2007; Song
et al., 2009). Let M

1
+(X) be the space of all proba-

bility measures P on X, and x be a random variable
taking values in X (an instantiation of x will be de-
noted by the corresponding roman character x). Also
we let k be a measurable positive definite kernel on
X such that supx2Xk(x,x0) < 1, and H be the cor-
responding RKHS. Then, the kernel mean embedding
µP 2 H for P 2 M+(X) exists, and is defined by a

確率分布の発展 ⇔ 埋め込み空間上の遷移

確率変数 とその特徴写像 , （RKHS       、 ）

埋め込み転送作用素 が計算可能：

スペクトル学習 : マルコフ性を満たす状態変数の推定

観測値関数 について、過去と未来の情報の空間

射影空間 上でのマルコフ性を満たす状態過程を構築

学習された作用素を用いて、
無限次元空間上のカルマン更新を計算

; (       も同様.)

特徴空間上の正準相関解析を介した推定アルゴリズムを提案

予測 : 

更新 : 

多重振り子の軌跡を示す動画系列の予測

ベンチマークと同等以上の性能を記録
ノイズ環境下では明確に改善

*1 *2

*3

*1 : 共分散作用素 *2 ： RKHS上のノイズの共分散
*3 : カルマンゲイン作用素
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5 SEQUENTIAL STATE
ESTIMATION

Sequential state-estimation, or sequential Bayesian fil-
tering (Kalman filtering), is a popular method to cal-
culate the posterior of the state p(x(t)|y(t̄0), . . . ,y(t))
(t̄0 < t) in a dynamical system using sequentially sam-
pled data. This method is performed by sequentially
calculating two updates of the state estimates: the
prediction and innovation updates. In the prediction
update, we propagate the belief state in time by apply-
ing the transition model. And, on new observations,
the innovation update applied the Bayes’ theorem to
the a-priori belief state to obtain the a-posteriori one.

Now, we describe the prediction and innovation up-
dates with the ELTO and EOO, whose derivations es-
sentially follow those of the kernel Kalman rule (KKR)
(Gebhardt et al., 2019). Hereafter, we denote by •

�

and •
+ the a-priori and posteriori beliefs (mean em-

beddings and covariances), i.e., the ones before and
after getting new observation y(t), respectively. First,
in the prediction update, the embedded state and its
corresponding covariance operator are propagated in
time by applying the ELTO, i.e.,

µ(x(t))� = Teµ(x(t � 1))+, C
�
x(t) = TeC

+
x(t�1)T

T
e + CV ,

where CV is the covariance of the noise in the state
evolution. Then in the innovation update, these are
further updated by incorporating information of new
observation y(t). For the embedded state, we have

µ(x(t))+ = µ(x(t))� + Gt

�
�(y(t)) � Oeµ(x(t))�

�
,

where Gt : H ! H is the operator corresponding to the
Kalman gain and we call it the Kalman gain operator.
This is determined by minimizing the covariance of the
error in the posterior estimation of observations, and
given by

Gt = C
�
x(t)O

T
e

⇣
OeC

�
x(t)O

T
e + CW

⌘�1
,

where CW is the covariance of the noise in the observa-
tion process. Then, the posteriori covariance operator
for the state is updated as

C
+
x(t) = C

�
x(t) � GtOeC

�
x(t).

Since the ELTO and EOO are unknown beforehand in
general, those in the above updates need to be replaced
with the empirical ones estimated by the procedures in
Section 4. Note that (Gebhardt et al., 2019) provides
no explicit procedure for estimating these operators.

Numerical Results

We investigated the performance of our method for
sequential Bayesian estimation in the following three

Figure 2: Comparison of prediction performance by
ELTO (ours) and KKR for the pendulum data.

cases: Simulated single pendulum system, human mo-
tion dynamics (HuMoD) and image sequences of quad-
link pendulum, under comparison with some bench-
mark methods. The experimental details are described
in Appendix C (in the supplementary document), and
all the codes for producing the results shown here are
included in the supplemental materials.

Pendulum: Out first experiment is performed us-
ing a simulated pendulum system. We simulated a
single pendulum with randomly initialized angles in
the range [�0.25⇡, 0.25⇡] and angular velocities in the
range [�2⇡/s, 2⇡/s].3 The pendulum dynamics were
simulated with a frequency of 10,000 Hz, incorporat-
ing normally distributed process noise with standard
deviation � = 0.1. Observations of the joint posi-
tions were made with sampling rate of 10 Hz, with
additive Gaussian noise N (qt, 0.01) (qt is the angle
at timestep t). In the experiment, we used the RBF
Gaussian kernel for both kx and ky with the gamma’s
of (1/#features). We also used the ADAM optimizer
with a learning rate of 1e-3, with 200 training epochs
for the latent state x, and the window size is set to 5.
We further optimized the transition and regularization
hyper-parameters using the Covariance Matrix Adap-
tation Evolution Strategy (CMA-ES) (Hansen, 2006),
with the initial step size of 0.5 for the search step mag-
nitude in the parameter space.

Figure 2 depicts the mean-squared errors (MSEs) (one-
step prediction) along the CMA-ES iterations by our
method (ELTO) under the comparison with the kernel
Kalman rule (KKR) and Subspace KKR (SUBKKR)
(Gebhardt et al., 2019) as benchmark methods. It
seems that our method consistently outperforms the
benchmarking method, demonstrating the capacity of
our method to estimate more informative latent repre-
sentation via the spectral learning, without requiring
explicit provision of preceding states and observations
(that are necessary for KKR and SUBKKR).

3The simulation was performed using the code in
https://github.com/gregorgebhardt/pyKKR.
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