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<latexit sha1_base64="bO9V1cmBgsouChruZjZtSScFUUg="></latexit>

ResNet and
<latexit sha1_base64="PVNMn9LAp654Mt5laWuDBy8zkkg="></latexit>

Neural-ODEs

<latexit sha1_base64="HMv1U5xlGPa7BMwosHnJ1+bruZQ="></latexit>

Global and local
<latexit sha1_base64="2Vo9PKtyupCD64NK0a2qtW8m0Kc="></latexit>

Polyak- Lojasiewicz
<latexit sha1_base64="4LO2NShyzcigzTx/n5i7WLKbYko="></latexit>

conditions

<latexit sha1_base64="wjGCx/DEUHcsPs/i1kpilipcCXc="></latexit>

P- L condition
<latexit sha1_base64="1yda5C1Gj6i2CXyMNZZ8WEkIZgs="></latexit>

for Neural-ODEs

<latexit sha1_base64="+d3D3ZsW66daWx89Tahj8MfcFho="></latexit>�

<latexit sha1_base64="EijBs5AtPWViRL8ZYrJ7Cd7ttxk="></latexit>xi
<latexit sha1_base64="Jm6pcXy4mbMQAGLxbG+Df1aMWrA="></latexit>

> �

<latexit sha1_base64="q+4dwnf8cVCoNqb5wnqSDKHiiUE="></latexit>yi

<latexit sha1_base64="WpJ0UdE58rRXq02lAPtyf7WWAOo="></latexit>

 v

<latexit sha1_base64="hRJ1QIWmTRj+6dgrNzyF9EpPNtg="></latexit>

RKHS Neural-ODEs



ResNet-type Architectures [He et al’ 16]
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<latexit sha1_base64="hGNaHRogJoszxpvRv/VDNWjykms="></latexit>

image
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<latexit sha1_base64="hGNaHRogJoszxpvRv/VDNWjykms="></latexit>

image

<latexit sha1_base64="bIraTUCmzk4phmx2qsYmd3hjMZs="></latexit>

changes
<latexit sha1_base64="TbU3LkeRVqo1XG4dGj38rekATMk="></latexit>

dimension

<latexit sha1_base64="EeuGo0g6Nh2Z7H62NbOQkyQFCIA="></latexit>

skip-connexion
<latexit sha1_base64="Rv0zJz4pzD6Ong7U911+V2gV4aM="></latexit>

xt = xt�1 + v✓t(xt�1)



ResNet-type Architectures [He et al’ 16]
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<latexit sha1_base64="hGNaHRogJoszxpvRv/VDNWjykms="></latexit>

image

<latexit sha1_base64="T6b9HaNHHjCNOHzV6onUoURA+iA=">AABFInictVzdc9TIER8uXxfyxSWPedHFkONSnGMc8lF1lSrAC8aHAcOuDXcscNpd7VpYu1q0WhvY83+Tyr+R91ReUqmkKlV5TVXylH8hPd0zmtHuSD1yCCrbo9H8untaMz3dPSN60ySe5Rsbfz/33te+/o1vfuv9b5//zne/9/0fXPjghwezdJ71o/1+mqTZk144i5J4Eu3ncZ5ET6ZZFI57SfS4d7Qlnz8+jrJZnE46+Ztp9G </latexit>

! Makes the “infinite depth” limit non-degenerate.

<latexit sha1_base64="xc/mr8JXoT/gQGQ1PZGc89bKnGQ="></latexit>x0

<latexit sha1_base64="0dxtvNQQRtfOJmCsOLowkxaF8K0="></latexit>x1

<latexit sha1_base64="jEv8i/6Blo/H2kf1hf8QaHROhC0="></latexit>xT

<latexit sha1_base64="wXRZd77eIvbjikgHeI/sNMhcQB4=">AABFI3ictVxfc9u4EUeu/67pv1z72Bde7XRyHdd13PTPzM3NXGI5iS9O4kSyk7so8VASLTOhRIWU5CQ6f5xOP0Y/QKcvnU47fehjZ9qnfoXuLgAClEAu6F7DsQ2C+O0ulsBidwGmN0nifLq19fdL733t69/45rfe//bl73z3e9//wZUPfniUp7OsHx320yTNnvbCPEricXQ4jadJ9HSSReGol0RPeq928PmTeZTlcTruTN9Oou </latexit>

! Enable v✓ = 0 initialization, i.e. identity map.

<latexit sha1_base64="xc/mr8JXoT/gQGQ1PZGc89bKnGQ="></latexit>x0

<latexit sha1_base64="0dxtvNQQRtfOJmCsOLowkxaF8K0="></latexit>x1

<latexit sha1_base64="xc/mr8JXoT/gQGQ1PZGc89bKnGQ="></latexit>x0

<latexit sha1_base64="0dxtvNQQRtfOJmCsOLowkxaF8K0="></latexit>x1 <latexit sha1_base64="sQt5wYBIm/ZinD5uHdCFlfiw6CM="></latexit>x2T

<latexit sha1_base64="jRKRD72QIYs9zXR8hrwByKPyYXU="></latexit>x4T

<latexit sha1_base64="bIraTUCmzk4phmx2qsYmd3hjMZs="></latexit>

changes
<latexit sha1_base64="TbU3LkeRVqo1XG4dGj38rekATMk="></latexit>

dimension

<latexit sha1_base64="EeuGo0g6Nh2Z7H62NbOQkyQFCIA="></latexit>

skip-connexion
<latexit sha1_base64="Rv0zJz4pzD6Ong7U911+V2gV4aM="></latexit>

xt = xt�1 + v✓t(xt�1)



Infinite Depth and Neural-ODEs

<latexit sha1_base64="c+kKnAxKjdK3kNTUmMbn0Klm8uI="></latexit>

where

<latexit sha1_base64="qhSLJgQq/yuorQiDFfjqGL3B6xk="></latexit>

ResNet [He et al, 2016]

<latexit sha1_base64="GMVz3QnQvknvjijnaBEeqAZxyOU="></latexit>

�✓(x0) , xT

<latexit sha1_base64="qbpiB4MRNcTm1Jd0Cno/ONu/uAc="></latexit>

xt+1 = xt +
1
T v✓t(xt)

<latexit sha1_base64="xc/mr8JXoT/gQGQ1PZGc89bKnGQ="></latexit>x0

<latexit sha1_base64="0dxtvNQQRtfOJmCsOLowkxaF8K0="></latexit>x1

<latexit sha1_base64="jEv8i/6Blo/H2kf1hf8QaHROhC0="></latexit>xT



Infinite Depth and Neural-ODEs

<latexit sha1_base64="c+kKnAxKjdK3kNTUmMbn0Klm8uI="></latexit>

where

<latexit sha1_base64="qhSLJgQq/yuorQiDFfjqGL3B6xk="></latexit>

ResNet [He et al, 2016]

<latexit sha1_base64="GMVz3QnQvknvjijnaBEeqAZxyOU="></latexit>

�✓(x0) , xT

<latexit sha1_base64="qbpiB4MRNcTm1Jd0Cno/ONu/uAc="></latexit>

xt+1 = xt +
1
T v✓t(xt)

<latexit sha1_base64="xc/mr8JXoT/gQGQ1PZGc89bKnGQ="></latexit>x0

<latexit sha1_base64="0dxtvNQQRtfOJmCsOLowkxaF8K0="></latexit>x1

<latexit sha1_base64="jEv8i/6Blo/H2kf1hf8QaHROhC0="></latexit>xT

<latexit sha1_base64="Y/FWR56miGIeVz1js6wqk5+HlBA="></latexit>

x(0)
<latexit sha1_base64="FTjzG8AvJSNptB7mm2sFyGcwy8I="></latexit>

x(1)

<latexit sha1_base64="4gzHTBnB5qJro3BfrdlF6uX+h20="></latexit>

Neural ODE [Chen et al, 2018]

<latexit sha1_base64="c+kKnAxKjdK3kNTUmMbn0Klm8uI="></latexit>

where
<latexit sha1_base64="GFMN5WsKuC7XcTdsIKUIHSxvlI8="></latexit>

T ! +1
<latexit sha1_base64="42FcIc+HA/QIeZk6s6SV75/MpYs="></latexit>

dx(t)
dt = v✓(t)(x(t))

<latexit sha1_base64="CJOv1Tn8Q0JzF0AWk7AZymbgZ9g="></latexit>

�✓(x(0)) , x(1)



Infinite Depth and Neural-ODEs

<latexit sha1_base64="c+kKnAxKjdK3kNTUmMbn0Klm8uI="></latexit>

where

<latexit sha1_base64="qhSLJgQq/yuorQiDFfjqGL3B6xk="></latexit>

ResNet [He et al, 2016]

<latexit sha1_base64="GMVz3QnQvknvjijnaBEeqAZxyOU="></latexit>

�✓(x0) , xT

<latexit sha1_base64="qbpiB4MRNcTm1Jd0Cno/ONu/uAc="></latexit>

xt+1 = xt +
1
T v✓t(xt)

<latexit sha1_base64="xc/mr8JXoT/gQGQ1PZGc89bKnGQ="></latexit>x0

<latexit sha1_base64="0dxtvNQQRtfOJmCsOLowkxaF8K0="></latexit>x1

<latexit sha1_base64="jEv8i/6Blo/H2kf1hf8QaHROhC0="></latexit>xT

<latexit sha1_base64="Y/FWR56miGIeVz1js6wqk5+HlBA="></latexit>

x(0)
<latexit sha1_base64="FTjzG8AvJSNptB7mm2sFyGcwy8I="></latexit>

x(1)

<latexit sha1_base64="4gzHTBnB5qJro3BfrdlF6uX+h20="></latexit>

Neural ODE [Chen et al, 2018]

<latexit sha1_base64="c+kKnAxKjdK3kNTUmMbn0Klm8uI="></latexit>

where
<latexit sha1_base64="GFMN5WsKuC7XcTdsIKUIHSxvlI8="></latexit>

T ! +1
<latexit sha1_base64="42FcIc+HA/QIeZk6s6SV75/MpYs="></latexit>

dx(t)
dt = v✓(t)(x(t))

<latexit sha1_base64="CJOv1Tn8Q0JzF0AWk7AZymbgZ9g="></latexit>

�✓(x(0)) , x(1)

<latexit sha1_base64="StbFJtaVJbwWumZ06tVNtqAkGMo="></latexit>

T ! +1 is a singular limit (✓ can “explodes” during training)

<latexit sha1_base64="iw4wUbfjRLRkZ5wh9moDb5YGF3I="></latexit>

Trajectories cannot cross: �✓ defines a di↵eomorphism.



<latexit sha1_base64="pgHIc8n5Cy3R4rDGZ/oqRg/9IVI="></latexit>

[P. Marion, Fermanian, Biau, Vert, 2022]

<latexit sha1_base64="xp7pxhyVMTdwlZOW7x1Bqs5ThsI="></latexit>

[R. Cont, A. Rossier, R. Xu, 2022]

On the importance of scale and initialization
<latexit sha1_base64="qbpiB4MRNcTm1Jd0Cno/ONu/uAc="></latexit>

xt+1 = xt +
1
T v✓t(xt)

<latexit sha1_base64="WMPKs34M5INQHo2lJ1bvKB5lxwA="></latexit>

xt+1 = xt +
1p
T
v✓t(xt)

<latexit sha1_base64="GFMN5WsKuC7XcTdsIKUIHSxvlI8="></latexit>

T ! +1

<latexit sha1_base64="42FcIc+HA/QIeZk6s6SV75/MpYs="></latexit>

dx(t)
dt = v✓(t)(x(t))

<latexit sha1_base64="zt/1hDznQPJJg1FPuzfDTxOIHGU=">AABFC3ictVxtc9u4EUaub9f0Ldd+7BdenXSSTppz3PRl5qYzl1iO44svcSLZySVKPKJEyUwoUREp5UXnn9Dpj+n0S6fT+9Qf0R/QmfZT/0IXuwABSiAXdNNwbIMgnt3FEljsLsCE0yTO8s3Nf5z74Bvf/Na3v/Phd89/7/s/+OGPLnz046Msnc/60WE/TdLZ47CXRUk8iQ7zOE+ix9NZ1BuHSfQofLktnz9aRLMsTied/O00ej </latexit>

Zero/smooth initialization of (✓t)t
<latexit sha1_base64="CPrDN+4xOiHmwgiPZYNo6T473lM="></latexit>

Random initialization of (✓t)t

<latexit sha1_base64="2BHaO05y4mspovRkfQ4yNSUhsKI="></latexit>

dx(t) = v✓(t)(x(t))dt+ dW(t)

<latexit sha1_base64="GFMN5WsKuC7XcTdsIKUIHSxvlI8="></latexit>

T ! +1

<latexit sha1_base64="sQQkcpOGkk8yqgHUMcKS4DheaHI="></latexit>

Deterministic ODE
<latexit sha1_base64="JaiCniNYDOj54CaMOW5Kvq/1tZ0="></latexit>

Stochastic ODE

<latexit sha1_base64="Y/FWR56miGIeVz1js6wqk5+HlBA="></latexit>

x(0)
<latexit sha1_base64="FTjzG8AvJSNptB7mm2sFyGcwy8I="></latexit>

x(1)

<latexit sha1_base64="Y/FWR56miGIeVz1js6wqk5+HlBA="></latexit>

x(0)
<latexit sha1_base64="FTjzG8AvJSNptB7mm2sFyGcwy8I="></latexit>

x(1)

<latexit sha1_base64="FTjzG8AvJSNptB7mm2sFyGcwy8I="></latexit>

x(1)



Training Dynamic 

<latexit sha1_base64="UUcbiq/kJ/y7V1Sf+lJoSY1ycPE="></latexit>

Training:
<latexit sha1_base64="RLu3eYgMCGrTjEMHHveYhgoDE0s="></latexit>

Gradient descent:
<latexit sha1_base64="4GdpzAVdHON6qvpAqElN+p5zGTU="></latexit>

✓(k+1) = ✓(k) � ⌧rf(✓(k))

<latexit sha1_base64="ErNBm8Ekk6owb+VEWhJh1Ljvl+4="></latexit>

min
✓

f(✓) , 1
N

PN
i=1 ||B�✓(Axi)� yi||2

…<latexit sha1_base64="rwmDXrY4CHYnS8+S5TArbuSStcw="></latexit>

A +

<latexit sha1_base64="eIGo0PUU8qYaVo9WO23IlT7CPBo="></latexit>

xi

<latexit sha1_base64="M6RkvLib5osgOlNecu74PvBo1aU="></latexit>v✓1
<latexit sha1_base64="s53dkvC9jV3TNtFIhxKVzVzByY8="></latexit>

B+<latexit sha1_base64="9x4LEti3DdN7XTdHApHmAJR9AXk="></latexit>v✓2
<latexit sha1_base64="rwmDXrY4CHYnS8+S5TArbuSStcw="></latexit>

A

<latexit sha1_base64="eIGo0PUU8qYaVo9WO23IlT7CPBo="></latexit>

xi

<latexit sha1_base64="s53dkvC9jV3TNtFIhxKVzVzByY8="></latexit>

B
<latexit sha1_base64="QFRJ4KOQU2pVbauKP5phqG3UUUM="></latexit>

ẋ(t) = v✓(t)(x(t))

<latexit sha1_base64="PgBgdSwrlPBgqUAbkSuB1oS1+hc="></latexit>

�✓

<latexit sha1_base64="PgBgdSwrlPBgqUAbkSuB1oS1+hc="></latexit>

�✓

<latexit sha1_base64="kGrndrTHBUtoctaPTrDWsqh/Ifw="></latexit>

! No explicit regularization!



Training Dynamic 

<latexit sha1_base64="UUcbiq/kJ/y7V1Sf+lJoSY1ycPE="></latexit>

Training:
<latexit sha1_base64="RLu3eYgMCGrTjEMHHveYhgoDE0s="></latexit>

Gradient descent:
<latexit sha1_base64="4GdpzAVdHON6qvpAqElN+p5zGTU="></latexit>

✓(k+1) = ✓(k) � ⌧rf(✓(k))

<latexit sha1_base64="RpiveowP5Je2rLtwaARXSimJq5k="></latexit>

Question: convergence of ✓k toward global minimum?

<latexit sha1_base64="ErNBm8Ekk6owb+VEWhJh1Ljvl+4="></latexit>

min
✓

f(✓) , 1
N

PN
i=1 ||B�✓(Axi)� yi||2

…<latexit sha1_base64="rwmDXrY4CHYnS8+S5TArbuSStcw="></latexit>

A +

<latexit sha1_base64="eIGo0PUU8qYaVo9WO23IlT7CPBo="></latexit>

xi

<latexit sha1_base64="M6RkvLib5osgOlNecu74PvBo1aU="></latexit>v✓1
<latexit sha1_base64="s53dkvC9jV3TNtFIhxKVzVzByY8="></latexit>

B+<latexit sha1_base64="9x4LEti3DdN7XTdHApHmAJR9AXk="></latexit>v✓2
<latexit sha1_base64="rwmDXrY4CHYnS8+S5TArbuSStcw="></latexit>

A

<latexit sha1_base64="eIGo0PUU8qYaVo9WO23IlT7CPBo="></latexit>

xi

<latexit sha1_base64="s53dkvC9jV3TNtFIhxKVzVzByY8="></latexit>

B
<latexit sha1_base64="QFRJ4KOQU2pVbauKP5phqG3UUUM="></latexit>

ẋ(t) = v✓(t)(x(t))

<latexit sha1_base64="PgBgdSwrlPBgqUAbkSuB1oS1+hc="></latexit>

�✓

<latexit sha1_base64="PgBgdSwrlPBgqUAbkSuB1oS1+hc="></latexit>

�✓

<latexit sha1_base64="r96IAeMjpoFWFhQFhuZC9BvddQ4=">AABFG3ictVxfc9u4EUeu/67pv1z72BdefenkOr7UdtO/N5252HISX5REiWQnlyjJUBItM6ZFRZTkODp/lE4/Sh86fel02qc+9AN0pn3qV+juAiBACeSCbhqObRDEb3exBBa7CzC9cRJn042Nf1x67ytf/drXv/H+Ny9/69vf+e73rnzw/YMsnU360X4/TdLJk16YRUk8ivan8TSJnownUXjSS6LHveMdfP54Hk2yOB11pmfj6P </latexit>

Polyak- Lojasiewicz inequality [Liu, Zhu, Belkin 2021]:
<latexit sha1_base64="WJTlyP3k/XovgZCzXNquTxdVmv4="></latexit>

! conditionning might explodes as T ! +1.
<latexit sha1_base64="j2DAlW7pjDJtRiyN+Qa22yqLpNU="></latexit>

! find a suitable limit model and show “implicit” regularization e↵ect.

<latexit sha1_base64="A79Qx8UcXQ9zh2DlWDd1UdB3thQ=">AABFCXictVzbchxJES0vt8XcvPDISy9as94NYyRhYIMNItbWyLJsrT32jGTvWrajZ6Y1Hqs1PZ6bL7P6AoKPIXghCAge+Ao+gAh44hfIS1VX9Ux1Z7Uw7pBUXV0nMyu7Kiszq9qdUTqYTNfX/3Huna99/Rvf/Na73z7/ne9+7/s/uPDeDw8m2WzcTfa7WZqNH3biSZIOhsn+dDBNk4ejcRKfdNLkQed4C58/mCfjySAbtqevR8 </latexit>

Neural tangent kernel [Jacot et al’18]:
<latexit sha1_base64="x756YupZY4456NODu+ESBRz6FBU="></latexit>

local linear expansion.

<latexit sha1_base64="kGrndrTHBUtoctaPTrDWsqh/Ifw="></latexit>

! No explicit regularization!



Training Dynamic 

<latexit sha1_base64="UUcbiq/kJ/y7V1Sf+lJoSY1ycPE="></latexit>

Training:
<latexit sha1_base64="RLu3eYgMCGrTjEMHHveYhgoDE0s="></latexit>

Gradient descent:
<latexit sha1_base64="4GdpzAVdHON6qvpAqElN+p5zGTU="></latexit>

✓(k+1) = ✓(k) � ⌧rf(✓(k))

<latexit sha1_base64="RpiveowP5Je2rLtwaARXSimJq5k="></latexit>

Question: convergence of ✓k toward global minimum?

<latexit sha1_base64="ErNBm8Ekk6owb+VEWhJh1Ljvl+4="></latexit>

min
✓

f(✓) , 1
N

PN
i=1 ||B�✓(Axi)� yi||2

…<latexit sha1_base64="rwmDXrY4CHYnS8+S5TArbuSStcw="></latexit>

A +

<latexit sha1_base64="eIGo0PUU8qYaVo9WO23IlT7CPBo="></latexit>

xi

<latexit sha1_base64="M6RkvLib5osgOlNecu74PvBo1aU="></latexit>v✓1
<latexit sha1_base64="s53dkvC9jV3TNtFIhxKVzVzByY8="></latexit>

B+<latexit sha1_base64="9x4LEti3DdN7XTdHApHmAJR9AXk="></latexit>v✓2
<latexit sha1_base64="rwmDXrY4CHYnS8+S5TArbuSStcw="></latexit>

A

<latexit sha1_base64="eIGo0PUU8qYaVo9WO23IlT7CPBo="></latexit>

xi

<latexit sha1_base64="s53dkvC9jV3TNtFIhxKVzVzByY8="></latexit>

B
<latexit sha1_base64="QFRJ4KOQU2pVbauKP5phqG3UUUM="></latexit>

ẋ(t) = v✓(t)(x(t))

<latexit sha1_base64="PgBgdSwrlPBgqUAbkSuB1oS1+hc="></latexit>

�✓

<latexit sha1_base64="PgBgdSwrlPBgqUAbkSuB1oS1+hc="></latexit>

�✓

<latexit sha1_base64="r96IAeMjpoFWFhQFhuZC9BvddQ4=">AABFG3ictVxfc9u4EUeu/67pv1z72BdefenkOr7UdtO/N5252HISX5REiWQnlyjJUBItM6ZFRZTkODp/lE4/Sh86fel02qc+9AN0pn3qV+juAiBACeSCbhqObRDEb3exBBa7CzC9cRJn042Nf1x67ytf/drXv/H+Ny9/69vf+e73rnzw/YMsnU360X4/TdLJk16YRUk8ivan8TSJnownUXjSS6LHveMdfP54Hk2yOB11pmfj6P </latexit>

Polyak- Lojasiewicz inequality [Liu, Zhu, Belkin 2021]:
<latexit sha1_base64="WJTlyP3k/XovgZCzXNquTxdVmv4="></latexit>

! conditionning might explodes as T ! +1.
<latexit sha1_base64="j2DAlW7pjDJtRiyN+Qa22yqLpNU="></latexit>

! find a suitable limit model and show “implicit” regularization e↵ect.

<latexit sha1_base64="A79Qx8UcXQ9zh2DlWDd1UdB3thQ=">AABFCXictVzbchxJES0vt8XcvPDISy9as94NYyRhYIMNItbWyLJsrT32jGTvWrajZ6Y1Hqs1PZ6bL7P6AoKPIXghCAge+Ao+gAh44hfIS1VX9Ux1Z7Uw7pBUXV0nMyu7Kiszq9qdUTqYTNfX/3Huna99/Rvf/Na73z7/ne9+7/s/uPDeDw8m2WzcTfa7WZqNH3biSZIOhsn+dDBNk4ejcRKfdNLkQed4C58/mCfjySAbtqevR8 </latexit>

Neural tangent kernel [Jacot et al’18]:
<latexit sha1_base64="x756YupZY4456NODu+ESBRz6FBU="></latexit>

local linear expansion.

<latexit sha1_base64="6AKBIOH1Xg1CAgj9dUnubCLPkvU=">AABFGHictVxfc9y2EYfTf6n7J0772BemijtOx3El1U0zzXQmls6WFcu27DvJTizbQ97xTrSp45m8O/+56It0+l3a6Uun0z71rR+gM+1Tv0J3FwAB3oFcUHXNkQSC+O0ulsBidwE6mqRJMV1f/8e5d77xzW99+zvvfvf8977/gx++d+H9Hx0W2Szvxwf9LM3yh1FYxGkyjg+myTSNH07yODyJ0vhB9Hwbnz+Yx3mRZOPe9PUkfn </latexit>

Mean field for 2 layers perceptron [Chizat-Bach 2018]:
<latexit sha1_base64="rX1qUgPrJTvscKFRUzOckZzx4V8="></latexit>

global convergence.

<latexit sha1_base64="kGrndrTHBUtoctaPTrDWsqh/Ifw="></latexit>

! No explicit regularization!



<latexit sha1_base64="bO9V1cmBgsouChruZjZtSScFUUg="></latexit>

ResNet and
<latexit sha1_base64="PVNMn9LAp654Mt5laWuDBy8zkkg="></latexit>

Neural-ODEs

<latexit sha1_base64="HMv1U5xlGPa7BMwosHnJ1+bruZQ="></latexit>

Global and local
<latexit sha1_base64="2Vo9PKtyupCD64NK0a2qtW8m0Kc="></latexit>

Polyak- Lojasiewicz
<latexit sha1_base64="4LO2NShyzcigzTx/n5i7WLKbYko="></latexit>

conditions

<latexit sha1_base64="wjGCx/DEUHcsPs/i1kpilipcCXc="></latexit>

P- L condition
<latexit sha1_base64="1yda5C1Gj6i2CXyMNZZ8WEkIZgs="></latexit>

for Neural-ODEs

<latexit sha1_base64="+d3D3ZsW66daWx89Tahj8MfcFho="></latexit>�

<latexit sha1_base64="EijBs5AtPWViRL8ZYrJ7Cd7ttxk="></latexit>xi
<latexit sha1_base64="Jm6pcXy4mbMQAGLxbG+Df1aMWrA="></latexit>

> �

<latexit sha1_base64="q+4dwnf8cVCoNqb5wnqSDKHiiUE="></latexit>yi

<latexit sha1_base64="WpJ0UdE58rRXq02lAPtyf7WWAOo="></latexit>

 v

<latexit sha1_base64="hRJ1QIWmTRj+6dgrNzyF9EpPNtg="></latexit>

RKHS Neural-ODEs



Polyak-Łojasiewicz Condition
<latexit sha1_base64="c84IgZCfgfqve0vx8DSH4w339nY="></latexit>

Polyak- Lojasiewicz inequality:

<latexit sha1_base64="ioDcHDdBoVrU4jCDBkVy8UfflrQ="></latexit>

! no spurious stationary points.
<latexit sha1_base64="zL2WHXB+Xc0bFMGvt6WqjaggjpY="></latexit>

Example: f strongly convex.

<latexit sha1_base64="z9vWMjNYR/bnHmpu5GUHYyEuxWU="></latexit>

mf(✓) 6 ||rf(✓)||2
<latexit sha1_base64="HxIZwR86i6iwOyJPjc3a7iqs1bc="></latexit>

0 6



Polyak-Łojasiewicz Condition
<latexit sha1_base64="c84IgZCfgfqve0vx8DSH4w339nY="></latexit>

Polyak- Lojasiewicz inequality:

<latexit sha1_base64="ioDcHDdBoVrU4jCDBkVy8UfflrQ="></latexit>

! no spurious stationary points.
<latexit sha1_base64="zL2WHXB+Xc0bFMGvt6WqjaggjpY="></latexit>

Example: f strongly convex.

<latexit sha1_base64="z9vWMjNYR/bnHmpu5GUHYyEuxWU="></latexit>

mf(✓) 6 ||rf(✓)||2
<latexit sha1_base64="HxIZwR86i6iwOyJPjc3a7iqs1bc="></latexit>

0 6



Polyak-Łojasiewicz Condition
<latexit sha1_base64="c84IgZCfgfqve0vx8DSH4w339nY="></latexit>

Polyak- Lojasiewicz inequality:

<latexit sha1_base64="ioDcHDdBoVrU4jCDBkVy8UfflrQ="></latexit>

! no spurious stationary points.

<latexit sha1_base64="kI5fXwi7ymCUn+8sWlWuAyRczCA="></latexit>

[Polyak 1963]
<latexit sha1_base64="Cj3XCg2H2300+w6wHRs6XU05Xeo="></latexit>

Theorem:
<latexit sha1_base64="B2PG4XQ47kCXQ8UVCrS9/Ha/+a4="></latexit>

f(✓(k)) 6
�
1� m

2�

�k
f(✓(0))

<latexit sha1_base64="67xKL37ihrpcZBK1n5G+cmE+Ahs="></latexit>

✓(k+1) = ✓(k) � 1

�
rf(✓(k))

<latexit sha1_base64="YmIfEsd2whBRfCEvlaj71ICC6Wo="></latexit>

If rf is �-Lipschitz:

<latexit sha1_base64="RLu3eYgMCGrTjEMHHveYhgoDE0s="></latexit>

Gradient descent:

<latexit sha1_base64="zL2WHXB+Xc0bFMGvt6WqjaggjpY="></latexit>

Example: f strongly convex.

<latexit sha1_base64="z9vWMjNYR/bnHmpu5GUHYyEuxWU="></latexit>

mf(✓) 6 ||rf(✓)||2
<latexit sha1_base64="HxIZwR86i6iwOyJPjc3a7iqs1bc="></latexit>

0 6



Obstruction for P-Ł for Neural ODE 
<latexit sha1_base64="IxeOLUkTvceeSFRCo84cOj0XSVA="></latexit>

Linear ResNet, time-independant weights:
<latexit sha1_base64="t7eG4Pjr6u0TNKVBuMuFuZ5awqE="></latexit>

ẋ = ✓x
<latexit sha1_base64="7/RRzx/hDUQFR+ygAmGnGHJqSLc="></latexit>

�✓(x) = e✓x

<latexit sha1_base64="waTHm3fQpdQQpFlwopY3HfEpmdU="></latexit>

For yj = �xi, i.e. learning �Id:

<latexit sha1_base64="XY6WqX8kPJU7sq5nmngGZEW6eVI="></latexit>

f(✓) , ||e✓ + Id||2
<latexit sha1_base64="67xKL37ihrpcZBK1n5G+cmE+Ahs="></latexit>

✓(k+1) = ✓(k) � 1

�
rf(✓(k))



Obstruction for P-Ł for Neural ODE 
<latexit sha1_base64="IxeOLUkTvceeSFRCo84cOj0XSVA="></latexit>

Linear ResNet, time-independant weights:
<latexit sha1_base64="t7eG4Pjr6u0TNKVBuMuFuZ5awqE="></latexit>

ẋ = ✓x
<latexit sha1_base64="7/RRzx/hDUQFR+ygAmGnGHJqSLc="></latexit>

�✓(x) = e✓x

<latexit sha1_base64="waTHm3fQpdQQpFlwopY3HfEpmdU="></latexit>

For yj = �xi, i.e. learning �Id:

<latexit sha1_base64="XY6WqX8kPJU7sq5nmngGZEW6eVI="></latexit>

f(✓) , ||e✓ + Id||2

<latexit sha1_base64="74mWKZWxPGMDwJqADej242G+u3o="></latexit>

Proposition:

<latexit sha1_base64="GgPa/HzCW8aFxiVp5eoVrSAhgZk="></latexit>

f̃(z) , |ez + 1|2

<latexit sha1_base64="n8bKIi74SGsQ0JlHJ3yE0SBEpy4="></latexit>

If ✓(0) = U diag(z(0)1 , . . . , z(0)d )U⇤,
<latexit sha1_base64="jhIdMpLhbSP5sTtM+QmgUNHYeEA="></latexit>

then ✓(k) = U diag(z(k)1 , . . . , z(k)d )U⇤
<latexit sha1_base64="z5bQ9WrBzerqR9GX4amXiWeyutg="></latexit>

where z(k)i 2 C is a gradient descent of

<latexit sha1_base64="67xKL37ihrpcZBK1n5G+cmE+Ahs="></latexit>

✓(k+1) = ✓(k) � 1

�
rf(✓(k))

<latexit sha1_base64="jvELhOqnNs8p/OhqcsWQwBQDWU8="></latexit>

f̃(z)

<latexit sha1_base64="+mn5/F2T4fq+jafTzcdX4rHQt+8=">AABFGHictVxfkxO5EReXfxfyj0se8zKXhRSX4siyIZdUrlJ1sIZlDwMGexfuMFAee2wGxh7jsc2Cz18kle+SVF5SqeQpb/kAqUqe8hXS6pZGGlszrdkQpnZXo9Gvu9UjtbpbGsJpEmfz3d1/nHnva1//xje/9f63z37nu9/7/g/OffDD4yxdzPrRUT9N0tmjsJdFSTyJjubxPIkeTWdRbxwm0cPw5b58/nAZzbI4nXTmb6bRk3 </latexit>

Problem: f̃ does not satisfies P- L

<latexit sha1_base64="wn2cpH/yPgNyfSuzAsRxNlLTaNA=">AABFInictVzdb9y4EWeuH3dNv3LtY190tVMkhZs6bvoBHA5I4nUcX5zEya6d3GWTYLWrXSuWVxvth5Ps7X9T9N/oe9GXomiBAn0t0D71X+hwhhSpXUpDubkItimKv5nhiBzODKmEoyQeTzY3/3Hhg29881vf/vCj71z87ve+/4MfXvr4R0fjdJp1o8NumqTZ07AzjpJ4GB1O4kkSPR1lUec0TKIn4cm2fP5kFmXjOB22Jm9H0f </latexit>

If ✓(0) = 0, e✓
(k) ! 0 (not invertible)

<latexit sha1_base64="1b/NEtvu+T00zE36pq+zeiLR0ow=">AABFM3ictVzrc9u4EUeur2v6yrUf+4VXJ52k43MdN31Mb27mEstxfPElSiQ7uYuSjB6UzJgSFephJzr9WZ1+7N/R6fRLp88Pnf4LXewCBCiBXNBNw7ENgvjtLpbAYncBpjOOo8l0e/uPl9772te/8c1vvf/ty9/57ve+/4MrH/zweJLM0m541E3iJH3aaU/COBqFR9NoGodPx2nYHnbi8EnndFc+fzIP00mUjJrTN+Pw+bA9GE </latexit>

For Im(z(0)) = 0 [2⇡] , Re(z(k)) ! �1.



<latexit sha1_base64="LatEwajuaiTfHvX05LOR/IrfgD0="></latexit>

! repulses spurious minima at +1

<latexit sha1_base64="KrT/DckhDtD02cZai6tlUgwCMZU="></latexit>

m(||✓||)f(✓) 6 ||rf(✓)||2

<latexit sha1_base64="jdLihHW4qwX62NBKEmHjGmc+Qhc="></latexit>

m degenerates as ✓ ! +1

Local P-Ł Condition

<latexit sha1_base64="5raIPD3TSsoIyMgF8PyrHkuJ2rA="></latexit>

Example:
<latexit sha1_base64="uMb9TY9H272BhFSDEBpOnE8ZCr0="></latexit>

f(✓) = |e✓1+i✓2 + 1|2

<latexit sha1_base64="jXOqp+mga4D2gd3Q6AT21lU+iLw="></latexit>

m(R) = e�2||✓||

<latexit sha1_base64="/aDLqZ3M48mYQOV8H1W/SqnogP0="></latexit>

f(✓)

<latexit sha1_base64="HxIZwR86i6iwOyJPjc3a7iqs1bc="></latexit>

0 6



<latexit sha1_base64="LatEwajuaiTfHvX05LOR/IrfgD0="></latexit>

! repulses spurious minima at +1

<latexit sha1_base64="KrT/DckhDtD02cZai6tlUgwCMZU="></latexit>

m(||✓||)f(✓) 6 ||rf(✓)||2

<latexit sha1_base64="jdLihHW4qwX62NBKEmHjGmc+Qhc="></latexit>

m degenerates as ✓ ! +1

Local P-Ł Condition

<latexit sha1_base64="5raIPD3TSsoIyMgF8PyrHkuJ2rA="></latexit>

Example:
<latexit sha1_base64="uMb9TY9H272BhFSDEBpOnE8ZCr0="></latexit>

f(✓) = |e✓1+i✓2 + 1|2

<latexit sha1_base64="jXOqp+mga4D2gd3Q6AT21lU+iLw="></latexit>

m(R) = e�2||✓||

<latexit sha1_base64="/aDLqZ3M48mYQOV8H1W/SqnogP0="></latexit>

f(✓)

<latexit sha1_base64="HxIZwR86i6iwOyJPjc3a7iqs1bc="></latexit>

0 6



<latexit sha1_base64="LatEwajuaiTfHvX05LOR/IrfgD0="></latexit>

! repulses spurious minima at +1

<latexit sha1_base64="KrT/DckhDtD02cZai6tlUgwCMZU="></latexit>

m(||✓||)f(✓) 6 ||rf(✓)||2

<latexit sha1_base64="jdLihHW4qwX62NBKEmHjGmc+Qhc="></latexit>

m degenerates as ✓ ! +1

<latexit sha1_base64="ZNUUCI6cwYiHkl8sJEuSKpowhMo="></latexit>

Theorem :
<latexit sha1_base64="MjtyYrPTIhgsIzOF5Lm67I19a4c="></latexit>

[Liu, Zhu, Belkin 2021]

<latexit sha1_base64="swr9L8pUpZX+fn3a68hH/21orcU="></latexit>

then

<latexit sha1_base64="sieZbMfQAo7UP+5FYosILxeN+ek="></latexit>

If ✓(0) and R > 0 satisfies

<latexit sha1_base64="AK80SsMBnWnzKm0Cuq+JW08knPY="></latexit>

f(✓(0)) 6 m(||✓(0)||+R)2

M(||✓(0)||+R)
R2

<latexit sha1_base64="tM/cEcQMBnRbAG0bJS6f+MSyyac="></latexit>

f(✓(k)) 6
�
1� m(||✓(0)+R||)

2�

�k
f(✓(0))

<latexit sha1_base64="LTqtn9DRoAW/BSAoMFgW+mzx9MA="></latexit>

and ||✓(k) � ✓(0)|| 6 R.

Local P-Ł Condition

<latexit sha1_base64="5raIPD3TSsoIyMgF8PyrHkuJ2rA="></latexit>

Example:
<latexit sha1_base64="uMb9TY9H272BhFSDEBpOnE8ZCr0="></latexit>

f(✓) = |e✓1+i✓2 + 1|2

<latexit sha1_base64="jXOqp+mga4D2gd3Q6AT21lU+iLw="></latexit>

m(R) = e�2||✓||

<latexit sha1_base64="/aDLqZ3M48mYQOV8H1W/SqnogP0="></latexit>

f(✓)

<latexit sha1_base64="UOjvoiXi+eYZuj1a6yMZ4j5B89o="></latexit>

6 M(||✓||)f(✓)
<latexit sha1_base64="orBd2rA7+xsVOheW8uB5nF2piUE="></latexit>

Localize trajectories

<latexit sha1_base64="DqwMgZeA3JZ287i2qM5J3GwhBfM="></latexit>

M(R) = e2||✓||

<latexit sha1_base64="HxIZwR86i6iwOyJPjc3a7iqs1bc="></latexit>

0 6



<latexit sha1_base64="bO9V1cmBgsouChruZjZtSScFUUg="></latexit>

ResNet and
<latexit sha1_base64="PVNMn9LAp654Mt5laWuDBy8zkkg="></latexit>

Neural-ODEs

<latexit sha1_base64="HMv1U5xlGPa7BMwosHnJ1+bruZQ="></latexit>

Global and local
<latexit sha1_base64="2Vo9PKtyupCD64NK0a2qtW8m0Kc="></latexit>

Polyak- Lojasiewicz
<latexit sha1_base64="4LO2NShyzcigzTx/n5i7WLKbYko="></latexit>

conditions

<latexit sha1_base64="wjGCx/DEUHcsPs/i1kpilipcCXc="></latexit>

P- L condition
<latexit sha1_base64="1yda5C1Gj6i2CXyMNZZ8WEkIZgs="></latexit>

for Neural-ODEs

<latexit sha1_base64="+d3D3ZsW66daWx89Tahj8MfcFho="></latexit>�

<latexit sha1_base64="EijBs5AtPWViRL8ZYrJ7Cd7ttxk="></latexit>xi
<latexit sha1_base64="Jm6pcXy4mbMQAGLxbG+Df1aMWrA="></latexit>

> �

<latexit sha1_base64="q+4dwnf8cVCoNqb5wnqSDKHiiUE="></latexit>yi

<latexit sha1_base64="WpJ0UdE58rRXq02lAPtyf7WWAOo="></latexit>

 v

<latexit sha1_base64="hRJ1QIWmTRj+6dgrNzyF9EpPNtg="></latexit>

RKHS Neural-ODEs



Infinite Width and RKHS Parameterization

<latexit sha1_base64="AdFQhgwrqsgnQAVONFprvWms6q8="></latexit>

2 layers perceptron:

<latexit sha1_base64="+d3D3ZsW66daWx89Tahj8MfcFho="></latexit>�<latexit sha1_base64="uXxDXWoc2gqpv2jLi87+0t6ESQs="></latexit>x
<latexit sha1_base64="miilnBkGbt94AtIf3I8VUMvWXDE="></latexit>

v✓(x)
+ + +<latexit sha1_base64="M6RkvLib5osgOlNecu74PvBo1aU="></latexit>v✓1

<latexit sha1_base64="+I4aUggcKBGJCkSwgLiC01o5SGo="></latexit>v✓3
<latexit sha1_base64="9x4LEti3DdN7XTdHApHmAJR9AXk="></latexit>v✓2

<latexit sha1_base64="eYPuvKI+JCQtZsXNstvlKZExu4o="></latexit>

(✓in, ✓out) 2 Rd⇥q ⇥ Rq⇥d

<latexit sha1_base64="fjC38utg+5j6qVQz+8nppvZdA1M="></latexit>

v✓(x) = ✓out�(✓inx)

<latexit sha1_base64="0KBX700AQjXRDRBxL3PpTf++1xk="></latexit>

✓in
<latexit sha1_base64="opFtcb5uSe0ZdHDGuvxJaagaDDw="></latexit>

✓out



Infinite Width and RKHS Parameterization

<latexit sha1_base64="AdFQhgwrqsgnQAVONFprvWms6q8="></latexit>

2 layers perceptron:

<latexit sha1_base64="+d3D3ZsW66daWx89Tahj8MfcFho="></latexit>�<latexit sha1_base64="uXxDXWoc2gqpv2jLi87+0t6ESQs="></latexit>x
<latexit sha1_base64="miilnBkGbt94AtIf3I8VUMvWXDE="></latexit>

v✓(x)
+ + +<latexit sha1_base64="M6RkvLib5osgOlNecu74PvBo1aU="></latexit>v✓1

<latexit sha1_base64="+I4aUggcKBGJCkSwgLiC01o5SGo="></latexit>v✓3
<latexit sha1_base64="9x4LEti3DdN7XTdHApHmAJR9AXk="></latexit>v✓2

<latexit sha1_base64="eYPuvKI+JCQtZsXNstvlKZExu4o="></latexit>

(✓in, ✓out) 2 Rd⇥q ⇥ Rq⇥d

<latexit sha1_base64="fjC38utg+5j6qVQz+8nppvZdA1M="></latexit>

v✓(x) = ✓out�(✓inx)

<latexit sha1_base64="0KBX700AQjXRDRBxL3PpTf++1xk="></latexit>

✓in
<latexit sha1_base64="opFtcb5uSe0ZdHDGuvxJaagaDDw="></latexit>

✓out

<latexit sha1_base64="FR+GdExkj9MTnMvA5SmX4+fnjPQ="></latexit>

! (finite dimensional) Reproducing Kernel Hilbert Space V.

<latexit sha1_base64="TN+nAlGN4uw+lVVQ6v2OqEczF0s="></latexit>

Simplification: only train ✓out.

<latexit sha1_base64="o38577D6N0sntOOYWifl+23Hnyk="></latexit>

||v||V , inf
v=v✓

||✓out||Rq⇥d

<latexit sha1_base64="D9xqfk/TjbgRJHo3BEWdK6saHrw="></latexit>

Kernel: k(x, x0) , h�(✓outx), �(✓outx0)iRq



Infinite Width and RKHS Parameterization

<latexit sha1_base64="AdFQhgwrqsgnQAVONFprvWms6q8="></latexit>

2 layers perceptron:

<latexit sha1_base64="+d3D3ZsW66daWx89Tahj8MfcFho="></latexit>�<latexit sha1_base64="uXxDXWoc2gqpv2jLi87+0t6ESQs="></latexit>x
<latexit sha1_base64="miilnBkGbt94AtIf3I8VUMvWXDE="></latexit>

v✓(x)
+ + +<latexit sha1_base64="M6RkvLib5osgOlNecu74PvBo1aU="></latexit>v✓1

<latexit sha1_base64="+I4aUggcKBGJCkSwgLiC01o5SGo="></latexit>v✓3
<latexit sha1_base64="9x4LEti3DdN7XTdHApHmAJR9AXk="></latexit>v✓2

<latexit sha1_base64="eYPuvKI+JCQtZsXNstvlKZExu4o="></latexit>

(✓in, ✓out) 2 Rd⇥q ⇥ Rq⇥d

<latexit sha1_base64="fjC38utg+5j6qVQz+8nppvZdA1M="></latexit>

v✓(x) = ✓out�(✓inx)

<latexit sha1_base64="0KBX700AQjXRDRBxL3PpTf++1xk="></latexit>

✓in
<latexit sha1_base64="opFtcb5uSe0ZdHDGuvxJaagaDDw="></latexit>

✓out

<latexit sha1_base64="FR+GdExkj9MTnMvA5SmX4+fnjPQ="></latexit>

! (finite dimensional) Reproducing Kernel Hilbert Space V.

<latexit sha1_base64="TN+nAlGN4uw+lVVQ6v2OqEczF0s="></latexit>

Simplification: only train ✓out.

<latexit sha1_base64="o38577D6N0sntOOYWifl+23Hnyk="></latexit>

||v||V , inf
v=v✓

||✓out||Rq⇥d

<latexit sha1_base64="D9xqfk/TjbgRJHo3BEWdK6saHrw="></latexit>

Kernel: k(x, x0) , h�(✓outx), �(✓outx0)iRq

<latexit sha1_base64="uRpOyJZTrghlCemF89UoUFphXH4="></latexit>,
<latexit sha1_base64="Dxo0dm37V1XAd2ggQ64Z48r+pUY="></latexit>

Infinite width limit q ! +1:
<latexit sha1_base64="6TQwnhQ+FMVjdEjtOYL8PaiekXQ="></latexit>

infinite dimensional RKVS v 2 V.

<latexit sha1_base64="xhecyTkxQtnTpCfGolk/EkXpHKQ="></latexit>

Gradient descent on (v, || · ||V)
<latexit sha1_base64="W8nuzlRJNspxlXg3WEmT+DPWoz8=">AABFOHictVxtb9y4EWaub1f3Ldd+7BddnRRJ4UsdN30BDgUusRPHFydxsmsnd9nE2Bd5rUS72kjajZO9/WNFgf6OfisKFO2hBQr0F3RmSIrULqWh3NSCvRSXz8xwRA5nhpR7kzjK8s3NP1/44Bvf/Na3v/Phd9e+9/0f/PBHFz/68VGWTNN+eNhP4iR92utmYRyNw8M8yuPw6SQNu6NeHD7pvdrG75/MwjSLknE7fzsJn4+6w3 </latexit>

Gradient descent on (✓out, || · ||Rd⇥q )



<latexit sha1_base64="CJOv1Tn8Q0JzF0AWk7AZymbgZ9g="></latexit>

�✓(x(0)) , x(1)
<latexit sha1_base64="c+kKnAxKjdK3kNTUmMbn0Klm8uI="></latexit>

where
<latexit sha1_base64="42FcIc+HA/QIeZk6s6SV75/MpYs="></latexit>

dx(t)
dt = v✓(t)(x(t))

RKHS Neural ODE
<latexit sha1_base64="IerAlGcF6mOL0D2JC3ZSpKPkwn4="></latexit>

Neural ODE:
<latexit sha1_base64="A0FuwXh+6cVtG1lZJf7XdWDvw5I="></latexit>

 v(x(0)) , x(1)

<latexit sha1_base64="J1LWD1PIPHcMjb6G2bLmALo9g3U="></latexit>

RKHS-Neural ODE:
<latexit sha1_base64="c+kKnAxKjdK3kNTUmMbn0Klm8uI="></latexit>

where

<latexit sha1_base64="4GdpzAVdHON6qvpAqElN+p5zGTU="></latexit>

✓(k+1) = ✓(k) � ⌧rf(✓(k))

<latexit sha1_base64="a2/46YsaDVtTW+swDKmG2HdfyGM=">AABFK3ictVxfc9u4EUeu/67un8u1j33h1ZdO0smltpv+mbm5mYstx/FFcZRIdnIXxR5SomQmlKiQkuJEp4/U6Ufoh+j0oZ1O+3Qz7VO/QhcLgAAlkAu6aTi2QRC/3cUSWOwuwASTOMqmW1t/vfLet779ne9+7/3vb/zghz/68QdXP/zJSZbM0l543EviJH0a+FkYR+PweBpN4/DpJA39URCHT4KXe/z5k3mYZlEy7kzfTMLnI3 </latexit>

f(✓) , 1

N

NX

i=1

||B�✓(Ax
i)� yi||2

<latexit sha1_base64="mEpSxeV8n5QE33PDZW33hT4fELc="></latexit>

F(v) , 1

N

NX

i=1

||B v(Axi)� yi||2

<latexit sha1_base64="vNOaH1kg0gE3Z7d362BxI99aGCw="></latexit>

dx(t)
dt = vt(x(t))

<latexit sha1_base64="GrxN4Pm3pxV5/ePyl6Gds5XQPsw="></latexit>

Replace v✓ by
<latexit sha1_base64="aN5uJqLXdwcbDS9M5MNZkLcx5hU="></latexit>

v 2 L2([0, 1],V)

<latexit sha1_base64="stvuYGv1lu27QqQbyw3jPSrf8BQ="></latexit>

v(k+1) = v(k) � ⌧rVF(v(k))



<latexit sha1_base64="CJOv1Tn8Q0JzF0AWk7AZymbgZ9g="></latexit>

�✓(x(0)) , x(1)
<latexit sha1_base64="c+kKnAxKjdK3kNTUmMbn0Klm8uI="></latexit>

where
<latexit sha1_base64="42FcIc+HA/QIeZk6s6SV75/MpYs="></latexit>

dx(t)
dt = v✓(t)(x(t))

RKHS Neural ODE
<latexit sha1_base64="IerAlGcF6mOL0D2JC3ZSpKPkwn4="></latexit>

Neural ODE:
<latexit sha1_base64="A0FuwXh+6cVtG1lZJf7XdWDvw5I="></latexit>

 v(x(0)) , x(1)

<latexit sha1_base64="J1LWD1PIPHcMjb6G2bLmALo9g3U="></latexit>

RKHS-Neural ODE:
<latexit sha1_base64="c+kKnAxKjdK3kNTUmMbn0Klm8uI="></latexit>

where

<latexit sha1_base64="4GdpzAVdHON6qvpAqElN+p5zGTU="></latexit>

✓(k+1) = ✓(k) � ⌧rf(✓(k))

<latexit sha1_base64="a2/46YsaDVtTW+swDKmG2HdfyGM=">AABFK3ictVxfc9u4EUeu/67un8u1j33h1ZdO0smltpv+mbm5mYstx/FFcZRIdnIXxR5SomQmlKiQkuJEp4/U6Ufoh+j0oZ1O+3Qz7VO/QhcLgAAlkAu6aTi2QRC/3cUSWOwuwASTOMqmW1t/vfLet779ne9+7/3vb/zghz/68QdXP/zJSZbM0l543EviJH0a+FkYR+PweBpN4/DpJA39URCHT4KXe/z5k3mYZlEy7kzfTMLnI3 </latexit>

f(✓) , 1

N

NX

i=1

||B�✓(Ax
i)� yi||2

<latexit sha1_base64="mEpSxeV8n5QE33PDZW33hT4fELc="></latexit>

F(v) , 1

N

NX

i=1

||B v(Axi)� yi||2

<latexit sha1_base64="vNOaH1kg0gE3Z7d362BxI99aGCw="></latexit>

dx(t)
dt = vt(x(t))

<latexit sha1_base64="GrxN4Pm3pxV5/ePyl6Gds5XQPsw="></latexit>

Replace v✓ by
<latexit sha1_base64="aN5uJqLXdwcbDS9M5MNZkLcx5hU="></latexit>

v 2 L2([0, 1],V)

<latexit sha1_base64="stvuYGv1lu27QqQbyw3jPSrf8BQ="></latexit>

v(k+1) = v(k) � ⌧rVF(v(k))

<latexit sha1_base64="qfSlYyYoC1EwA0rha9F71oy3JI8="></latexit>

Questions: conditions on

<latexit sha1_base64="LPQpock6UmaKDRt6Y/TU/M0IY4I="></latexit>

data (xi)i
<latexit sha1_base64="Yhk4mjPHjKwCo7x52HqvwcsB4Zg="></latexit>

kernel k(x, x0)

<latexit sha1_base64="czQ1Aho68SM7vLxrOYBNRelEPOs="></latexit>

=)
<latexit sha1_base64="wyfhtGA/V+3ju4+4X7rAcGdH2g8="></latexit>

Local P- L of f(✓)
<latexit sha1_base64="/8jJos7/6snA5zzGLRncXugpt4U="></latexit>

q ! +1
<latexit sha1_base64="9cgZQy+ToXruF/O3CvYA6BCwl+A="></latexit>

Local P- L of F(v)
<latexit sha1_base64="J04MoctpsYpIR2RtbcAPjO4qF5k="></latexit>

on L2([0, 1],V)

<latexit sha1_base64="GDljleDeKioLn8MCFfFVvB9dGnw="></latexit>

to ensure local P L of F(v)?

<latexit sha1_base64="wRjNrbMTUENdusZgJ0fnLAQZpjY="></latexit>

||v||2 ,
R 1
0 ||vt||2Vdt

<latexit sha1_base64="ep1cHdGFqSZ4K3W1wG0c9ivApRk="></latexit>

||✓||2 =
P

i ||✓outi ||2

<latexit sha1_base64="3jHUj8cvqckQBs0G9iVxgv6uI1U="></latexit>

width

<latexit sha1_base64="XpPNrC8gJuJ+cSdgNIFFJO1ALEo="></latexit>

depth
<latexit sha1_base64="GFMN5WsKuC7XcTdsIKUIHSxvlI8="></latexit>

T ! +1

<latexit sha1_base64="WQBgX5BlYeaytnkUXG/sBPwekcc="></latexit>

on (Rq⇥d)T



Numerical Example
<latexit sha1_base64="ONoRVq8BiHArt+JUGqJ+xDbQxWg="></latexit>

RKHS Neural ODE trained on CIFAR10
<latexit sha1_base64="t7excj2venkgITwWzvrJoFNdkMQ="></latexit>

Random Fourier features (Sobolev RKHS)
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Conclusion

Summary

I Convergence result for infinitely deep ResNets (NODE) with
finite width. Generalization in numerical applications:
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Figure: RKHS-NODE trained on CIFAR10

Follow-up

I Convergence for residuals with trained hidden layers.

! see the paper for more details !

<latexit sha1_base64="Nl9KaAf1GUnL6Au1Ff2vu6XSHmc="></latexit>

Empirical risk F(v(k))
<latexit sha1_base64="CNAFnlj3wyf+B6ofes8z3wfB550="></latexit>

Test error

<latexit sha1_base64="MinlUFxeRc/QCfZz5+sMYU7c3nM="></latexit>

ResNet-18



<latexit sha1_base64="bO9V1cmBgsouChruZjZtSScFUUg="></latexit>

ResNet and
<latexit sha1_base64="PVNMn9LAp654Mt5laWuDBy8zkkg="></latexit>

Neural-ODEs

<latexit sha1_base64="HMv1U5xlGPa7BMwosHnJ1+bruZQ="></latexit>

Global and local
<latexit sha1_base64="2Vo9PKtyupCD64NK0a2qtW8m0Kc="></latexit>

Polyak- Lojasiewicz
<latexit sha1_base64="4LO2NShyzcigzTx/n5i7WLKbYko="></latexit>

conditions

<latexit sha1_base64="wjGCx/DEUHcsPs/i1kpilipcCXc="></latexit>

P- L condition
<latexit sha1_base64="1yda5C1Gj6i2CXyMNZZ8WEkIZgs="></latexit>

for Neural-ODEs

<latexit sha1_base64="+d3D3ZsW66daWx89Tahj8MfcFho="></latexit>�

<latexit sha1_base64="EijBs5AtPWViRL8ZYrJ7Cd7ttxk="></latexit>xi
<latexit sha1_base64="Jm6pcXy4mbMQAGLxbG+Df1aMWrA="></latexit>

> �

<latexit sha1_base64="q+4dwnf8cVCoNqb5wnqSDKHiiUE="></latexit>yi

<latexit sha1_base64="WpJ0UdE58rRXq02lAPtyf7WWAOo="></latexit>

 v

<latexit sha1_base64="hRJ1QIWmTRj+6dgrNzyF9EpPNtg="></latexit>

RKHS Neural-ODEs



Regularity Condition

<latexit sha1_base64="VI1994H9Jvp6ijUIg/zCtiTzS0I="></latexit>

Needed for ODE
<latexit sha1_base64="xpYjxPqTUPCJe2xNm+J56UHz1aY="></latexit>

(Cauchy-Lipschitz)

<latexit sha1_base64="clYZAV1JmKIvqkoYihG4KYY1Ln0="></latexit>

Needed for
<latexit sha1_base64="X7pi80waD6yZXDkmiLmf4NTZWZE="></latexit>

gradient descent

<latexit sha1_base64="uy9fTVd+Tsg3ZN0ZZEQJLcuMuLc="></latexit>

! problem with ReLu!
<latexit sha1_base64="fx+HffkAoo+Y8HF+nawz9WhLq4g="></latexit>

! � = ei·: Fourier features ) translation invariant kernels.

<latexit sha1_base64="wWydWg5M93YZwdc1onAt6ESmkYE="></latexit>

For vt 2 V, ||vt||1 + ||Dvt||1 + ||D2vt||1 6 ||vt||V
<latexit sha1_base64="QkMDtgGurKVSvUGEULI+wERNcNo=">AABFA3ictVzdc9TIER8uXxfyxSWPeRHxkeJSxLEd8lG5StWB1xgfPljYteGOBUra1S4CebVoPzDs+TGVPyaVl1QqeUrl78gfkKrkKf9CuntmNKPdkXrkEFS2R6P5dfe0Znq6e0ZEkzSZzra2/nHhva989Wtf/8b737z4rW9/57vfu/TB94+n2Tzvx0f9LM3yR1E4jdNkHB/NklkaP5rkcXgSpfHD6OUuPn+4iPNpko27szeT+M </latexit>

Condition 1: regularity.



Regularity Condition

<latexit sha1_base64="VI1994H9Jvp6ijUIg/zCtiTzS0I="></latexit>

Needed for ODE
<latexit sha1_base64="xpYjxPqTUPCJe2xNm+J56UHz1aY="></latexit>

(Cauchy-Lipschitz)

<latexit sha1_base64="clYZAV1JmKIvqkoYihG4KYY1Ln0="></latexit>

Needed for
<latexit sha1_base64="X7pi80waD6yZXDkmiLmf4NTZWZE="></latexit>

gradient descent

<latexit sha1_base64="uy9fTVd+Tsg3ZN0ZZEQJLcuMuLc="></latexit>

! problem with ReLu!
<latexit sha1_base64="fx+HffkAoo+Y8HF+nawz9WhLq4g="></latexit>

! � = ei·: Fourier features ) translation invariant kernels.

<latexit sha1_base64="wWydWg5M93YZwdc1onAt6ESmkYE="></latexit>

For vt 2 V, ||vt||1 + ||Dvt||1 + ||D2vt||1 6 ||vt||V
<latexit sha1_base64="QkMDtgGurKVSvUGEULI+wERNcNo=">AABFA3ictVzdc9TIER8uXxfyxSWPeRHxkeJSxLEd8lG5StWB1xgfPljYteGOBUra1S4CebVoPzDs+TGVPyaVl1QqeUrl78gfkKrkKf9CuntmNKPdkXrkEFS2R6P5dfe0Znq6e0ZEkzSZzra2/nHhva989Wtf/8b737z4rW9/57vfu/TB94+n2Tzvx0f9LM3yR1E4jdNkHB/NklkaP5rkcXgSpfHD6OUuPn+4iPNpko27szeT+M </latexit>

Condition 1: regularity.

<latexit sha1_base64="HxtZdrM1cTS/aV0+wylIFT+d+0I="></latexit>

Example: Mattern kernel

4.2 Convergence of RKHS-NODE

Thanks to the convergence analysis for overparameterized models detailed in Section 3, our main
result follows as a consequence of the previous property. Theorem 2 is proven in Appendix C.3.
Theorem 2. Let V satisfy Assumption 1 with constant  and Assumption 2 with �, ⇤. Let v

0 be
some initialization of the control parameter with kv

0kL2 = R0 and assume there exists a positive
radius R � 0 s.t.:

p
8�max(B>)

p
N⇤L(v0)e3(R+R0)

�min(B>)2�(�min(A)�1��1e(R+R0))
 R . (15)

Then, for a sufficiently small step-size ⌘ > 0, GD with step-size ⌘ converges towards a minimizer of
the training loss at a linear rate and inside a ball of radius R. More precisely, for every k � 0:

L(vk)  (1 � ⌘µ)kL(v0), and kv
k � v

0kL2  R, (16)

where µ := 1
N

�
2
min(B>)�

�
�

�1
min(A)��1

e
(R+R0)

�
e
�2(R+R0).

As Theorem 1, Theorem 2 is a local convergence result in which the condition in Eq. (15) expresses
a threshold between two kinds of behaviours: (i) if L(v0) is sufficiently small, the training dynamic
converges towards a global minimizer. The limiting behaviour is when the l.h.s. of Eq. (15) tends
to 0. Because of a regularizing effect of GD (i.e. that kv

k � v
0kL2  R), the parameter stays in a

ball of arbitrary small radius R all along the training dynamic. In this limit, we recover a “linear”
or “kernel” regime where the model is well approximated by its linearization at v

0 [14, 35, 26]. (ii)
If L(v0) is too large, the result says nothing about the convergence of the GD. However, it is still
observed in practice that the training dynamic often converges towards a global minimizer of the
loss [60]. Explaining this phenomenon in a general setting remains a challenging open question.

5 Enforcing convergence with high dimensional embedding and finite width

As Theorem 2 is a local convergence result, it does not allow to conclude a general convergence
behaviour of GD in the training of RKHS-NODE. In the following, we show how one can enforce
the hypothesis of Theorem 2 to be verified and prove two global convergence results. The first one
relies on suitably choosing matrices A and B in order to satisfy Eq. (15) and applies in the case
of infinite width, i.e. with residual layers in a universal RKHS. The second result recovers global
convergence in a finite width regime, relying on a high number r of Random Fourier Features.

For the sake of readability we only consider here the case where V belongs to a restricted class of
RKHSs and refer to Appendix D for more general results and complete proofs. For some positive
parameter ⌫ > 0 we consider the Matérn kernel k defined in [57]:

8r 2 R+, k(r) =
21�⌫

�(⌫)

 p
2⌫

2⇡
r

!⌫

K⌫

⇣p
2⌫

2⇡
r

⌘
, (17)

where � is the Gamma function and K⌫ is the modified Bessel function of the second kind. Equiva-
lently, k can be defined by its frequency distribution over Rq as:

8x 2 Rq
, k(kxk) =

Z

Rq

e
ıhx,!i

µq(!)d! with µq(!) = Cq,⌫(1 +
k!k2

2⌫
)�( q

2+⌫) (18)

and Cq,⌫ a normalizing constant. For every q � 1, such a function is known to define a structure
of vector-valued RKHS Vq over Rq corresponding to the Sobolev space H

⌫+q/2(Rq
,Rq) [52, 57].

The associated kernel is given for every z, z
0 2 Rq by: Kq(z, z

0) = k(kz � z
0k) Idq . Note that

it is important for this RKHS to depend on the ambient dimension q. In particular the Sobolev
space H

s(Rq
,Rq) is a RKHS if and only if it has regularity s > q/2. Assuming ⌫ > 2, µq further

admits up to 4 finite order moment implying that k is four times differentiable at 0 [28]. Then Vq

satisfies Assumption 1 with some constant  depending only on ⌫ and given by Property 4:

 =
p

k(0) +
p

�k00(0) +
q

k(4)(0) = 1 +

r
⌫

⌫ � 1
+

s
3⌫2

(⌫ � 1)(⌫ � 2)
. (19)

8

<latexit sha1_base64="Zpbl0C4Mu6FmybfiN+YX3nRw1nQ="></latexit>

 6

<latexit sha1_base64="h8JeRkozhiJZ32q8NjN0VvTl00c="></latexit>

k̂(!) / (1 + ||!||2/⌫)�(d/2+⌫)

<latexit sha1_base64="2xV+w5agszY16YT/aWJPdJuKehg="></latexit>

V = H
⌫ (Sobolev)

<latexit sha1_base64="74mWKZWxPGMDwJqADej242G+u3o="></latexit>

Proposition:

<latexit sha1_base64="5TTBalfein0utJCxvg4yERu5TQo="></latexit>

x� x0
<latexit sha1_base64="lqlXy8W70It7xuXJ9HhDc5ploYc="></latexit>

⌫ = 1: Gaussian.

<latexit sha1_base64="5TTBalfein0utJCxvg4yERu5TQo="></latexit>

x� x0

<latexit sha1_base64="orsx7f3W/snk2OxlRjIkJbaAaJo="></latexit>

(⌫ > 2)

<latexit sha1_base64="hKoF5FFj1XhZNvs94WTqL+GTghw="></latexit>

⌫ = 0: Laplacian.



Expressivity Condition and P-Ł

<latexit sha1_base64="QkMDtgGurKVSvUGEULI+wERNcNo=">AABFA3ictVzdc9TIER8uXxfyxSWPeRHxkeJSxLEd8lG5StWB1xgfPljYteGOBUra1S4CebVoPzDs+TGVPyaVl1QqeUrl78gfkKrkKf9CuntmNKPdkXrkEFS2R6P5dfe0Znq6e0ZEkzSZzra2/nHhva989Wtf/8b737z4rW9/57vfu/TB94+n2Tzvx0f9LM3yR1E4jdNkHB/NklkaP5rkcXgSpfHD6OUuPn+4iPNpko27szeT+M </latexit>

Condition 1: regularity.

<latexit sha1_base64="scGvq2CTe7Ydbo+PLSsyjnFEf2Y=">AABFDXictVzbcty4EYU3t41z8yaPeeFG65Q36yiy4lwqW6laWyPLWmtt2TOSveuxXeQMZ0ybGo6Hw/FlVt+Qysek8pLK5SnfkA9IVfKUX0h3AyDAGZANKo5ZkkAQp7vRBBrdDdDRNE3y+dbWP86985Wvfu3r33j3m+e/9e3vfPd7F977/nGeFbNBfDTI0mz2IArzOE0m8dE8mafxg+ksDk+iNL4fPd/B5/cX8SxPsklv/noaPz </latexit>

Condition 2: quantitative universality.
<latexit sha1_base64="WE1xXJcCi/voEEdp6f0eUrMFnng="></latexit>

KX , (k(xi, xj))i,j .

<latexit sha1_base64="X8cFLIlgWAthWPLqNY2JRwYXsRk="></latexit>

For vt 2 V, ||vt||1 + ||Dvt||1 + ||D2vt||1 6 ||vt||V

<latexit sha1_base64="58DFDZ/67s8GFcWLROA2pL85S5M="></latexit>

�(�) , inf
#X6N

{�min(KX) ; 8i 6= j, ||xi � xj || > �} > 0

<latexit sha1_base64="XDj9kZMJruIvISXdbmW4CPPasbI="></latexit>

�(�): depends on N , explodes as � ! 0.



Expressivity Condition and P-Ł

<latexit sha1_base64="QkMDtgGurKVSvUGEULI+wERNcNo=">AABFA3ictVzdc9TIER8uXxfyxSWPeRHxkeJSxLEd8lG5StWB1xgfPljYteGOBUra1S4CebVoPzDs+TGVPyaVl1QqeUrl78gfkKrkKf9CuntmNKPdkXrkEFS2R6P5dfe0Znq6e0ZEkzSZzra2/nHhva989Wtf/8b737z4rW9/57vfu/TB94+n2Tzvx0f9LM3yR1E4jdNkHB/NklkaP5rkcXgSpfHD6OUuPn+4iPNpko27szeT+M </latexit>

Condition 1: regularity.

<latexit sha1_base64="scGvq2CTe7Ydbo+PLSsyjnFEf2Y=">AABFDXictVzbcty4EYU3t41z8yaPeeFG65Q36yiy4lwqW6laWyPLWmtt2TOSveuxXeQMZ0ybGo6Hw/FlVt+Qysek8pLK5SnfkA9IVfKUX0h3AyDAGZANKo5ZkkAQp7vRBBrdDdDRNE3y+dbWP86985Wvfu3r33j3m+e/9e3vfPd7F977/nGeFbNBfDTI0mz2IArzOE0m8dE8mafxg+ksDk+iNL4fPd/B5/cX8SxPsklv/noaPz </latexit>

Condition 2: quantitative universality.
<latexit sha1_base64="WE1xXJcCi/voEEdp6f0eUrMFnng="></latexit>

KX , (k(xi, xj))i,j .

<latexit sha1_base64="X8cFLIlgWAthWPLqNY2JRwYXsRk="></latexit>

For vt 2 V, ||vt||1 + ||Dvt||1 + ||D2vt||1 6 ||vt||V

<latexit sha1_base64="58DFDZ/67s8GFcWLROA2pL85S5M="></latexit>

�(�) , inf
#X6N

{�min(KX) ; 8i 6= j, ||xi � xj || > �} > 0

<latexit sha1_base64="XDj9kZMJruIvISXdbmW4CPPasbI="></latexit>

�(�): depends on N , explodes as � ! 0.

<latexit sha1_base64="Cj3XCg2H2300+w6wHRs6XU05Xeo="></latexit>

Theorem:

<latexit sha1_base64="TM/iCmh1uYZfovcuF12ghj4g/uQ="></latexit>

where

<latexit sha1_base64="vpH5Sts8hZVo+7mscfq4U3dKxes="></latexit>⇢

<latexit sha1_base64="82+OP9to6NqBix8ZfOigEnEJAEk="></latexit>

m(||v||H)F(v) 6 ||rHF(v)||2
H

6 M(||v||H)F(v)

<latexit sha1_base64="Zye4xlo/REOhV5rPgkH308Wk2rY="></latexit>

Hilbert space: H , L2
([0, 1],V), ||v||2

H
,

R 1
0 ||vt||2Vdt

<latexit sha1_base64="rJpYZSL+M9AWn8n3LqIInOKLgZM="></latexit>

If 8i 6= j, ||xi � xj || > �, then

<latexit sha1_base64="KVRuUfLkC0S9mABT71mUn42y5vY="></latexit>

M(R) 6 �max(B)2e2R
<latexit sha1_base64="kJ73Xo/WoKYsQNtwL1R/37ui5Mk="></latexit>

m(R) > �min(B)2�(�min(A)�e�R)e�2R



Expressivity Condition and P-Ł


<latexit sha1_base64="BW4X7oLA33Po7mCXlK2nyFU2dCk="></latexit>

Corrolary: if F(v(0)) small enough, linear convergence of F(v(k)) to 0.

<latexit sha1_base64="QkMDtgGurKVSvUGEULI+wERNcNo=">AABFA3ictVzdc9TIER8uXxfyxSWPeRHxkeJSxLEd8lG5StWB1xgfPljYteGOBUra1S4CebVoPzDs+TGVPyaVl1QqeUrl78gfkKrkKf9CuntmNKPdkXrkEFS2R6P5dfe0Znq6e0ZEkzSZzra2/nHhva989Wtf/8b737z4rW9/57vfu/TB94+n2Tzvx0f9LM3yR1E4jdNkHB/NklkaP5rkcXgSpfHD6OUuPn+4iPNpko27szeT+M </latexit>

Condition 1: regularity.

<latexit sha1_base64="scGvq2CTe7Ydbo+PLSsyjnFEf2Y=">AABFDXictVzbcty4EYU3t41z8yaPeeFG65Q36yiy4lwqW6laWyPLWmtt2TOSveuxXeQMZ0ybGo6Hw/FlVt+Qysek8pLK5SnfkA9IVfKUX0h3AyDAGZANKo5ZkkAQp7vRBBrdDdDRNE3y+dbWP86985Wvfu3r33j3m+e/9e3vfPd7F977/nGeFbNBfDTI0mz2IArzOE0m8dE8mafxg+ksDk+iNL4fPd/B5/cX8SxPsklv/noaPz </latexit>

Condition 2: quantitative universality.
<latexit sha1_base64="WE1xXJcCi/voEEdp6f0eUrMFnng="></latexit>

KX , (k(xi, xj))i,j .

<latexit sha1_base64="X8cFLIlgWAthWPLqNY2JRwYXsRk="></latexit>

For vt 2 V, ||vt||1 + ||Dvt||1 + ||D2vt||1 6 ||vt||V

<latexit sha1_base64="58DFDZ/67s8GFcWLROA2pL85S5M="></latexit>

�(�) , inf
#X6N

{�min(KX) ; 8i 6= j, ||xi � xj || > �} > 0

<latexit sha1_base64="XDj9kZMJruIvISXdbmW4CPPasbI="></latexit>

�(�): depends on N , explodes as � ! 0.

<latexit sha1_base64="Cj3XCg2H2300+w6wHRs6XU05Xeo="></latexit>

Theorem:

<latexit sha1_base64="TM/iCmh1uYZfovcuF12ghj4g/uQ="></latexit>

where

<latexit sha1_base64="vpH5Sts8hZVo+7mscfq4U3dKxes="></latexit>⇢

<latexit sha1_base64="82+OP9to6NqBix8ZfOigEnEJAEk="></latexit>

m(||v||H)F(v) 6 ||rHF(v)||2
H

6 M(||v||H)F(v)

<latexit sha1_base64="Zye4xlo/REOhV5rPgkH308Wk2rY="></latexit>

Hilbert space: H , L2
([0, 1],V), ||v||2

H
,

R 1
0 ||vt||2Vdt

<latexit sha1_base64="rJpYZSL+M9AWn8n3LqIInOKLgZM="></latexit>

If 8i 6= j, ||xi � xj || > �, then

<latexit sha1_base64="KVRuUfLkC0S9mABT71mUn42y5vY="></latexit>

M(R) 6 �max(B)2e2R
<latexit sha1_base64="kJ73Xo/WoKYsQNtwL1R/37ui5Mk="></latexit>

m(R) > �min(B)2�(�min(A)�e�R)e�2R



Enforcing Convergence via Lifting
<latexit sha1_base64="kMX7n/7OjrGwcx6TUY4Dflro9Wk="></latexit>

Neural ODE constraint:
<latexit sha1_base64="RS1pvqvlMjvGUnM685+Cjy5XEOM="></latexit>

 v(x) is a di↵eomorphism.
<latexit sha1_base64="DhCX5DA0I4iYeInKkrLOUug6rEU="></latexit>

! density in continuous transformations require lifting.

<latexit sha1_base64="XV71BrZdrsjIL35ElHsa31eSMpQ="></latexit>

Lifting :

<latexit sha1_base64="TqYucDN/gzE9Oo0V/ija5LLdCEU="></latexit>

A / (Idd, . . . , Idd)
>

<latexit sha1_base64="q5ZCRehey0dZa7iNk+8X2+nrJLI="></latexit>

B / (Idd, 0, . . . , 0)
<latexit sha1_base64="rwmDXrY4CHYnS8+S5TArbuSStcw="></latexit>

A

<latexit sha1_base64="wc2Rz9AW0xehbpaAjDmEFQV/LEs="></latexit>

 v
<latexit sha1_base64="Tl+KWLS2p1D/APZPXdPtI7p5/ew="></latexit>

ẋ = v(x)

<latexit sha1_base64="dat5XpNkTOccg5p12PtjYXzRPgw="></latexit>

Rd

<latexit sha1_base64="ErF8Ec9WjRhg2dCdGQ2CqA5fbKs="></latexit>

Rp <latexit sha1_base64="ErF8Ec9WjRhg2dCdGQ2CqA5fbKs="></latexit>

Rp

<latexit sha1_base64="dat5XpNkTOccg5p12PtjYXzRPgw="></latexit>

Rd



Enforcing Convergence via Lifting

<latexit sha1_base64="7CVoUT/aLbsjygaWnQ6Og7pCdqw="></latexit>

f(v(0)) 6 m(||v(0)||+R)2

M(||v(0)||+R)
R2

<latexit sha1_base64="4IMbqHq+NXJ6YcvzPLo/P1Lkp9w="></latexit>

M(R) 6 �max(B)2e2R
<latexit sha1_base64="kLjRf266xFO4bylTUmBJTaGlRcE="></latexit>

m(R) > �min(B)2�(�min(A)�e�R)e�2R

<latexit sha1_base64="74mWKZWxPGMDwJqADej242G+u3o=">AABE93ictVxbcxPJFW42tw25sUnlKS+z8ZJitwgxDrlUtlK1YBnjxYBAsmEXAaXLWAjGGqGRhEHr35LKSyqVPOUX5HfkB6QqecpfyLl0T/dIPXN6HMKU7Z6e/s45fab79Dmne+hNklE229z8x7n3vvb1b3zzW+9/+/x3vvu97//gwgc/PMzS+bQfH/TTJJ0+6nWzOBmN44PZaJbEjybTuHvcS+KHvZfb+PzhIp5mo3Tcnr2ZxE </latexit>

Proposition:
<latexit sha1_base64="h8JeRkozhiJZ32q8NjN0VvTl00c="></latexit>

k̂(!) / (1 + ||!||2/⌫)�(d/2+⌫)<latexit sha1_base64="nDrmeFE0CYGVZlaWqTBjPlrWSC8="></latexit>

For ⌫ > 2,
<latexit sha1_base64="ic0dE9VEgV3VBYLluSr+KmOlJG8=">AABFH3ictVzdc9u4EUeuX9f0K9c+9oVXOx2ndVPHTT9mbtK5xHIcXxzbiWQnd1GcoSRKZkKLiigpHzr/MZ3+IX3s9KXTaZ/uD+hM+9R/oYtdgAAlkAu6aTi2QRC/3cUSWOwuwHRGSZxNNja+uvTB177+jW9+68NvX/7Od7/3/R9c+eiHx1k6HXejo26apOMnnTCLkngYHU3iSRI9GY2j8KyTRI87L7fk88ezaJzF6bA1eTuKnp </latexit>

Given v
(0) and R > 0, then for p = O(N4 + � log(N)4),

<latexit sha1_base64="EijBs5AtPWViRL8ZYrJ7Cd7ttxk="></latexit>xi
<latexit sha1_base64="Jm6pcXy4mbMQAGLxbG+Df1aMWrA="></latexit>

> �

<latexit sha1_base64="q+4dwnf8cVCoNqb5wnqSDKHiiUE="></latexit>yi

<latexit sha1_base64="WpJ0UdE58rRXq02lAPtyf7WWAOo="></latexit>

 v

<latexit sha1_base64="kMX7n/7OjrGwcx6TUY4Dflro9Wk="></latexit>

Neural ODE constraint:
<latexit sha1_base64="RS1pvqvlMjvGUnM685+Cjy5XEOM="></latexit>

 v(x) is a di↵eomorphism.
<latexit sha1_base64="DhCX5DA0I4iYeInKkrLOUug6rEU="></latexit>

! density in continuous transformations require lifting.

<latexit sha1_base64="XV71BrZdrsjIL35ElHsa31eSMpQ="></latexit>

Lifting :

<latexit sha1_base64="TqYucDN/gzE9Oo0V/ija5LLdCEU="></latexit>

A / (Idd, . . . , Idd)
>

<latexit sha1_base64="q5ZCRehey0dZa7iNk+8X2+nrJLI="></latexit>

B / (Idd, 0, . . . , 0)
<latexit sha1_base64="rwmDXrY4CHYnS8+S5TArbuSStcw="></latexit>

A

<latexit sha1_base64="wc2Rz9AW0xehbpaAjDmEFQV/LEs="></latexit>

 v
<latexit sha1_base64="Tl+KWLS2p1D/APZPXdPtI7p5/ew="></latexit>

ẋ = v(x)

<latexit sha1_base64="dat5XpNkTOccg5p12PtjYXzRPgw="></latexit>

Rd

<latexit sha1_base64="ErF8Ec9WjRhg2dCdGQ2CqA5fbKs="></latexit>

Rp <latexit sha1_base64="ErF8Ec9WjRhg2dCdGQ2CqA5fbKs="></latexit>

Rp

<latexit sha1_base64="dat5XpNkTOccg5p12PtjYXzRPgw="></latexit>

Rd



Open Problems!

<latexit sha1_base64="+d3D3ZsW66daWx89Tahj8MfcFho="></latexit>�

<latexit sha1_base64="qWrPAg0z7PyWlMP8DT6wq96RnpM="></latexit>

Training inner weights:

<latexit sha1_base64="5sU/dWUm9EZvqFlAuCy9A8K2nNA="></latexit>

RKHS

<latexit sha1_base64="mhYRhpkYFKSK+rnCsumkZ+tOkdw="></latexit>

Banach space
<latexit sha1_base64="+yM7aaqO0gWfvZGYVFgKfe16YSo="></latexit>

(Barron)

<latexit sha1_base64="0KBX700AQjXRDRBxL3PpTf++1xk="></latexit>

✓in
<latexit sha1_base64="opFtcb5uSe0ZdHDGuvxJaagaDDw="></latexit>

✓out



<latexit sha1_base64="6NITAQV9R73UsD7W2JcD61nEt/E="></latexit>

Global convergence: (for generic initialization)
<latexit sha1_base64="74DeVux1bbfhNl4Vph8tpIgt5hE="></latexit>

Open problem (even for linear networks)

Open Problems!

<latexit sha1_base64="+d3D3ZsW66daWx89Tahj8MfcFho="></latexit>�

<latexit sha1_base64="qWrPAg0z7PyWlMP8DT6wq96RnpM="></latexit>

Training inner weights:

<latexit sha1_base64="5sU/dWUm9EZvqFlAuCy9A8K2nNA="></latexit>

RKHS

<latexit sha1_base64="mhYRhpkYFKSK+rnCsumkZ+tOkdw="></latexit>

Banach space
<latexit sha1_base64="+yM7aaqO0gWfvZGYVFgKfe16YSo="></latexit>

(Barron)

<latexit sha1_base64="0KBX700AQjXRDRBxL3PpTf++1xk="></latexit>

✓in
<latexit sha1_base64="opFtcb5uSe0ZdHDGuvxJaagaDDw="></latexit>

✓out



<latexit sha1_base64="6NITAQV9R73UsD7W2JcD61nEt/E="></latexit>

Global convergence: (for generic initialization)
<latexit sha1_base64="74DeVux1bbfhNl4Vph8tpIgt5hE="></latexit>

Open problem (even for linear networks)

Open Problems!

<latexit sha1_base64="+d3D3ZsW66daWx89Tahj8MfcFho="></latexit>�

<latexit sha1_base64="qWrPAg0z7PyWlMP8DT6wq96RnpM="></latexit>

Training inner weights:

<latexit sha1_base64="5sU/dWUm9EZvqFlAuCy9A8K2nNA="></latexit>

RKHS

<latexit sha1_base64="mhYRhpkYFKSK+rnCsumkZ+tOkdw="></latexit>

Banach space
<latexit sha1_base64="+yM7aaqO0gWfvZGYVFgKfe16YSo="></latexit>

(Barron)

<latexit sha1_base64="oX9UOmUGNxzDabLnhWcx9Gj1vjI="></latexit>

Transformers architecture:

<latexit sha1_base64="YhX57l/gdlHksS6L+bN+TenB9Bk="></latexit>

ODEs
<latexit sha1_base64="niytPyfrKEbB5sXTKqk1fyJ2pPQ="></latexit>

Wasserstein flows
<latexit sha1_base64="tQX/KGiWDJzhWg7v6UZ+bwCWDmA="></latexit>

(single point)
<latexit sha1_base64="oO4bHodCAgydkZHX4yrVq3muDO4="></latexit>

(group of points)

<latexit sha1_base64="0KBX700AQjXRDRBxL3PpTf++1xk="></latexit>

✓in
<latexit sha1_base64="opFtcb5uSe0ZdHDGuvxJaagaDDw="></latexit>

✓out


